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Error Analysis for the Stereological Estimation
of Sphere Size Distribution: Abel Type Integral Equation
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Computational errors are analyzed for existing schemes and their variants of estimating the
sphere size distribution from the observed size distribution of cross sections. First, possible
methods are classified according to their discrete approximation schemes of the basic integral
equation, and the condition numbers of the coefficient matrices are examined. Then,
asymptotic forms of error are derived. It is shown that the main source of error is the
singularity of the basic integral equation of Abel type and that the magnitude of the error
largely depends on the treatment of the singularity. Numerical examples are also given.
© 1985 Academic Press, Inc.

1. INTRODUCTION

Estimating the size distribution of particles in a material from an observed size
distribution of their cross sections on a cutting plane randomly placed in the
material is an important problem in material science, geology, biology and medical
science. This problem has been studied by a number of people as an application of
so called “integral geometry” or “stereology” [1-12]. Especially, the case of
spherical particle has been extensively studied. This is partly because spheres make
the theory simple, and partly because particles are spherical or nearly spherical in
many important problems.

Procedures of solving this problem have been separately proposed in many dif-
ferent fields, often independently and repeatedly. In fact, there is so much research
on this subject, scattered over a wide range of areas, that a complete review is
almost impossible. (See, for example, the lists of literature in the recent articles of
Cruz-Orive [13-15] and Coleman [15, 16].) However, almost all this research
aimed to obtain superior procedures by heuristic approaches, and accuracy has
been tested only by numerical experiments using actual or synthetic data. There has
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not been a rigorous analysis of the degree of accuracy for these schemes. It is true
from a practical point of view that it suffices to know only one most recommended
scheme. However, a scheme which shows high accuracy for some data of some
problem is not necessarily good for other data of other problems. It is necessary,
therefore, to understand the “error mechanism,” in other words, to classify possible
sources of error and to estimate the behavior of each error source separately.

The purpose of this paper is not to try to devise a new scheme. Rather, we will
try to understand the mechanism which produces computational errors for existing
schemes. First, we classify possible schemes into several classes. There exist a num-
ber of schemes which are mutually equivalent. It has been customary to classify the
schemes according to their derivation techniques and many names have been given
to them—finite difference methods, product integration methods, statistical
methods, to name a few. However, as long as we are interested in the error
mechanism of a given scheme, it is not essential to know how the scheme was
originally devised. There exists an exact analytical formula (an integral equation of
Abel type), and in principle the problem can be solved analytically. Hence, all the
existing numerical schemes are approximations of the analytical solution in some
sense or other. Therefore, we have only to know in what “sense” a given scheme is
an approximation to the analytical solution.

All existing procedures divide the range of possible particle sizes into, say, n
intervals and give a set of linear equations to compute. As the number n approaches
infinity, the results of all ‘the procedures must converge to the analytical one.
However, the speed of convergence differs from procedure to procedure, and hence
it provides a measure of precision inherent to each procedure. In this paper, we
concentrate on this “computational” viewpoint. We do not consider other sources
of error like the sampling error, which is also very important in practice. Of course,
those who use this type of procedure are interested in the “overall” accuracy.
However, if, for instance, we use a scheme very accurate in computation but obtain
inaccurate results, we are sure that the error sources should be spotted elsewhere.
Thus, in order to specify the error sources accurately, we must divide the overall
procedure into several stages and analyze them separately.

2. Basic EQUATIONS OF STEREOLOGICAL ESTIMATION

Let us first consider the basic equations. They are well known and have been dis-
cussed again and again by many authors. Here, therefore, we do not give detailed
and sophisticated arguments of derivation. Actually, the basic principle is very sim-
ple and is as follows. Suppose spheres of various sizes are distributed in the space,
and let F(R) be the radius distribution density, i.e., F(R) dR is the number, per unit
volume, of those spheres whose radii are between R and R+ dR. Place a plane in
the space. Then, we get a radius distribution density of cross sections, and let it be
f(r), ie., f(r)dr is the number, per unit area of the plane, of those cross sections
whose radii are between r and r + dr. Suppose the spheres are distributed randomly
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and homogeneously, and the cutting plane is infinite. Also assume that the dis-
tribution is sufficiently sparse so that overlapping of particles is negligible. The
probability that a sphere of radius R is cut by the plane equals the probability that
the center of that sphere falls within distance R from the plane. Since there are
F(R) dR such spheres per unit volume, that probability equals 2RF(R) dR per unit
area of the plane. The probability that a sphere of radius R yields a cross section of
radius between r and r + dr on the condition that the sphere intersects the plane is
|2dx|/2R = |d(./R* —r?®)|/R=r dr/{R /R*—r? as is shown in Fig. 1. Multiplying
this by 2RF(R) dR, and integrating it over possible values of R, we obtain

firy=2r I fou AR)AR 2.1)

r R*—r?

R,.., being a maximum possible radius (cf. [2, 4-6, 8]). Of course, Eq. (2.1) is the
“expected value” of f(r). However, the assumption of random distribution and an
infinite cutting plane assures the “law of large number,” and hence it can be regar-
ded as the actual distribution density. The same is true if we place a finite cutting
plane at random independently a great number of times and take the average over
these trials. In this case, the distribution should not necessarily be homogeneous.
Equation (2.1) has a realistic meaning in this sense.

On the other hand, we are sometimes interested in observing not a cutting sur-
face, but a thin layer of finite thickess, especially when optical microscopes are used.
If we observe the distribution of cross sections by projection through the layer, we
always overestimate them. This is kown as the “Holmes effect” or the “overprojec-
tion effect.” If the center of a sphere is inside the layer, its exact radius is observed.
If ¢ is the thickness of the layer, there are tF(r) dr such spheres of radius between r
and r + dr per unit area of the layer. If the center of a sphere is outside the layer, the
cross section on the side of the particle center is observed, and the relation between

L\r/

FiG. 1. The relationship between the position of a cutting plane and the radius of the cross section.
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its size and the sphere size is the same as in the case of a cutting plane (cf. [18-20,
15, 16]). Hence, instead of Eq. (2.1) we obtain

ma F(R) dR

f(r)=tF(r)+2f'[R ﬁ

If we examine the above reasoning carefuily, we can easily see that the same for-
mulation also holds in the case of distributed circles on a plane cut by randomly
placed line. In this case, F(R) is interpreted as the distribution density of the radius
per unit area and f(r) the distribution density of the “half length” of the cross sec-
tion per unit length of the probe line. It turns out that the formulation is also
similar in the case of distributed circular disks in the space cut by a randomly
placed plane. Let F(R) be the distribution density of the radius of circular disks, i.c.,
F(R) dR is the number, per unit volume, of those disks whose radii are between R
and R+ dR. Similarly, let f(r) be the distribution density of the half length of the
cross section on the cutting plane. Note that the intersection line of a given direc-
tion on a circular disk is uniformly distributed along the direction normal to it
whatever the orientations of the circular disk and the cutting plane may be. Hence,
we obtain, instead of Eq. (2.2), the following equation (cf. [2, 21]):

(2.2)

Ruu F(R)dR

T
fry= 1k +5r o

There are several other assumptions sometimes relevant. One is the effect of
“resolution threshold,” which means that cross sections smaller than a certain size
are not visible. Another is the effect of the “capping angle,” which means that
spherical caps in a thin layer subtending angles smaller than a certain angle are not
visible. If these assumptions are adopted, the range of r and R and the domain of
integration in Eqs. (2.1) and (2.2) are modified. (See Cruz-Orive [15] for details.)
However, as we will see later, the computational error mainly comes from the treat-
ment of the singularity R=r of the integration. Hence, the error mechanism does
not change if we assume the resolution threshold or the capping angle. For this
reason, we do not consider these effects here.

As has been seen, we consider, in this paper, distributions in the space and on the
plane in terms of “per unit volume” and “per unit area”, respectively. Namely,
&= F(R) dR is the “number of particles per unit volume” and [Raax f(r) dr is the
“number of cross sections per unit area,” and we do not normalize them to 1. This
is most natural when we are considering geometrical distributions in the space or
on the plane, for our interest is in the “amount” of distribution, not the
“probability.” Moreover, we can obtain linear relations between observed data and
quantities of interest. If we normalized them, the relations would become fractional.
Since the expected value of a ratio is not equal to the ratio of expected values, the
computational error would enter nonlinearly, and we could not easily understand
its effect. For this reason, we treat our schemes in terms of Eq. (2.1) or (2.2). This is

(2.3)
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one of the viewpoints different from other papers on this subject. In the following
analyses, we assume that F(R) (and hence f(r)) is smooth and bounded.

3. GENERAL FRAMEWORK OF NUMERICAL SCHEMES

In actual numerical computations, the integration in Eq. (2.1) or (2.2) must be
replaced by some kind of summation, and different ways of discrete approximation
yield different forms of computational schemes. In any case, we divide the interval
[0, R,...] into n subintervals and approximate the integration by some form of
" summation involving values at fixed n points. Thus, if we are to seek an accurate
result, we must choose a large number n. However, it is sometimes not possible to
make 7 large. Usually, we can observe only a finite number of cross sections in any
experiment. The radius distribution density f(r) must be estimated from the
histogram, but, as is well known, the estimation is unreliable if the class intervals
are too small. Thus, the choice of n is limited. This difficulty can be avoided if we
consider, instead of the “density” f(r), the (cumulative) “distribution function” ¢(r),
i.., the number, per unit area, of cross sections of radii equal to or smaller than r.
It is obtained without regard to class intervals.

" In physics and engineering, chemical engineering in particular, distributions are

treated in the cumulative sense, because measurement and analysis become easier.
Various types of scales have been devised so that a given family of distribution
functions may become straight lines when plotted according to them, and the values
of involved parameters are immediately read out. As a matter of fact, the
probability distribution is defined in terms of the distribution function in the theory
of probability, because it alone is a “function” in the usual sense. (Densities are
“distributions” in the sense of Schwartz [22, 23].) In order to obtain the density
profile from a given distribution function, one must differentiate it. If a given dis-
tribution function is an experimentally observed one, there arises considerable dif-
ficulty in differentiation, and many techniques have been devised for that. Most of
them employ “smoothing” of the observed distribution function by one way or
another and differentiating the result either analytically or numerically. These
include fitting by spline functions and application of low-pass digital filters. Recen-
tly, Anderssen and Jakeman [24] and Anderssen [25] proposed what they called
“spectral differentiation,” taking into account the power spectrum of the noise (see
also Anderssen and Bloomfield [26, 27]). .

What we should note here is that the process of differentiation provides a source
of error different from the approximation of integration and that these two error
sources are completely different in their behavior. Hence, they must be studied
separately. Anderssen and Jakeman [24] and Anderssen [25] studied the overall
accuracy and concluded that division of the interval [0, Ry, ] into too many sub-
intervals for numerical computation would result in poor accuracy. However, as
will be shown later, the accuracy improves as the number of division increases if we
treat distribution functions. This forces us to conclude that the inaccuracy observed
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by Anderssen et al. is due to the differentiation process. In this paper, we divide the
process into three stages; (i) estimation of the distribution function of cross sec-
tions, i.e., the sampling technique; (ii) computation of the particie size distribution
from the distribution of cross sections; and, if desired, (iii) conversion to the den-
sity, ie., numerical differentiation. These three stages involve errors of different
characters. In this paper, we concentrate on stage (ii) of numerical computation,
assuming that a “good” distribution function of cross sections is obtained, say, by
averaging a sufficiently large number of data or applying an appropriate smoothing
technique. '
Integration of Eq. (2.2) yields

#(r) = 10(r) +2RN -2 | = SRR db(R), G.1)

where @(R) is the distribution function of the sphere size, i.e., the number, per unit
volume, of spheres of radii equal to or smaller than R. Here, N is the “numerical
density,” i.e., the number of spheres per unit volume and R is the “mean radius”
given respectively by

Rmax
N=®(R,, )= j F(R) dR, (32)
0
— l Rmax
R=5[ ™ RF(R) dR (33)

In general, there are two types of approximations which convert this integral
equation into discrete equations. One is to replace the integral of Eq. (3.1) by sum-
mation of some kind, resulting in a set of linear equations of the form

ba)=3 4,8(a), (34)
j=1

where a/s are prescribed radius values and 4 4 18 a constant matrix. If its inverse
matrix B, is computed beforehand, the radius distribution of particles is readily
computed from the radius distribution of cross sections by

®(a)= 3 Bybay). (3.5)
f=1

J

The other way is to invert Eq. (3.1) analytically to express ®(R) in terms of o(r)
and then to replace the integral by summation of some kind, resulting in a formula
of the form of Eq. (3.5). This is easily done when #=0. In this paper, we call for-
mulae of the former type “implicit formulae” and those of the latter type “explicit
formulae.”
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4. CLASSIFICATION OF IMPLICIT FORMULAE

Consider implicit formulae first. Choose n points 0=a,<a; < *** <@, = Ry, in
the interval [0, R...], and put ¢,=¢(a,), @,= P(a,). According to Eq. (3.1), we
obtain

$i=10,+2NR-2 Y, j"’ JR—a dd(R), (4.1)
j=i+1"9-1
for i=0,..., n. If we adopt approximation

[7 J/RE=a do(R)~Ja—a [ do(r)

aj— a;—|

=Ja2—a (,—&;_), (42)

we obtain a formula

$,=1D,+2NR+2 Y (a2, ,—a—Ja*—a}) ®,, (4.3)

J=i

for i=0,..., n. Throughout this paper, we adopt the following convention: If the
argument of a square root is either negative or undefined, the square root assumes
0. If a summation does not have sense, like Z}';,,‘, the sum also assumes 0.

If =0, Eq. (4.3) coincides with one of the earliest formulae of this problem
developed by Scheil [28], Schwartz [29] and Saltykov [30]. However, they all
wrote the formula in terms of the frequency of each class to suit hand calculations.
An expression in terms of frequencies is obtained by rewriting Eq. (4.3) in terms of
fi=¢;—¢,_, and F;=®,—®,_,. Then, the equation becomes

fi=2Y (Ja2-a,—Jai—a))F;, i=l,.n, (4.4)
j=0

which is a familiar form. However, as was stated earlier, we pfefer to use Eq. (4.3).
Equation (4.3) is rewritten in the form of Eq. (3.4) by noting that ¢o=®,=0 and

hence INR= —237_, (5 jal, - \/a_}) @;. We call this Method 1. If we resolve the
matrix A into t3,+ A}, where &, is the Kronecker delta, we obtain the following
expression for A4j.

Method 1.
A,_{2[_(aj+l—aj)+\/a/?+l_a12_\/a!?_a?]’ j<n
y=

2a, /A, jen @

In Eq. (4.2), the square root is evaluated at the right end of the interval
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[a;_.,a;]. If, instead, we use the mean of the values at both ends, we can expect a
more accurate approximation. Namely, if we use approximation

J.aj N/Rz—a,?dcb(R)~%(\/af_l—a,?+\/a}—a,?).[j

a,
aj-1 aj -

d®(R), (4.6)

and determine 2NR from ¢, = @, =0, we obtain the following:
Method 2.

A,_{—(ajn_“j—l)"'\/a,?n_a?_\/af—l_a,?’ j<n
q= .
a,+a,_ ,—\/ai_,—a}—Jai—a?, j=n.

(4.7)

Instead of using the mean of the values at both ends, we can also use the value at
the midpoint, i..,

[ VR=a doR)~Ja_—a " do(r), (4.8)

dj— g4j-1
where a;_,,, = (a;_, + a;)/2. This scheme corresponds to the approaches of Wicksell
[31], Goldsmith [18] and others. Again, 2NR is determined from ¢y = P, =0. The
coefficient matrix becomes:

Method 3.

; {2[ - (aj+ 12— @i 1p2) + \/0}4, 2= ai2 - \/a}- 2= a,?], J<n

¥ ) (49)
! 2[‘1”—1/2—\/“,2.-1/2_“?]’ J=n,

where a;, = (a;+a;,,)/2.

All the above methods approximate ./R? —a? by a constant in each subinterval.
However, it has a singularity at R=a;, and the derivatives of all ranks become
infinity there. In other words, it is “strongly curved” in its neighborhood. Hence,
replacing it by a constant in each subinterval is a very poor approximation. Since
we are considering a smooth distribution, we can expect a higher precision
approximation if we approximate @(R) by a linear function in each subinterval and
execute the integration analytically. Namely, if we put d®(R)~(D;— ®;_,) dR/h;_,
in the interval [a;_,, a;], where h;=a, , —a;, we obtain

j"" JR—a d¢(R)~hL (@,—,_,) j Y JR=adR, (4.10)
i1

aj-1 -1

and @o = P, =0 determines 2N R. This leads to Method 4, which is mathematically
equivalent to those described by Bach [32], Cruz-Orive [15] and others:
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Method 4.
—(aj1—a;_1), j<i<gn
l » .
—(ai+l_ai—l)+F(aLi+l_aii)a i=j<n
1 h,_,+h; 1
A= —(a.,—a; —_— . A=t T . i< | .
i (a1+l aj—l)+hjal.}+l hj—lhj au+hj—lal,]—l, i .]<n (411)
1 .
an—l+an—h (ain_al.n—l)9 1<j=n
n—1
a,_+a, i=j=n,

where we have put

a;=a,/a?—al—atlog(a;+/a} —a}). (4.12)

(If one is uneasy about the dimensionality, replace log( - ) by log[(- )/a], where a is
a constant whose dimension is length. The result would be the same.)

5. CLASSIFICATION OF EXPLICIT FORMULAE

A small change of variables reduces Eq. (2.1) to an integral equation of Abel
type, and it can be inverted analytically (cf. [2, 33]). The final form of @(R)
becomes
1 jkmx dé(r)

@(R)=N—- R

2 (5.1)

Inversion of Eq. (2.2) for ¢> 0 is also possible (cf. [18, 19]). However, since it does
not turn out a simple form suitable for numerical computation, we consider here
only Eq. (5.1). Choosing 0=a,<a, < *** <a,= Rp,y, We have

1 z": j'"j dg(r) (52)

Pi=N—o Wy
Tjmivr ag-1y/r" —a;

Here again, various kinds of approximation are just as possible as in the case of
implicit formulae. Corresponding to Method 1 is approximation

J'ﬂ/ de(r) - 1
gy fri—al Jai—a?

As before, N is determined from the condition @, =0, which yields the following:

j dé(r). (5.3)
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Method 5.
( 1(1 1) .
—_ ), J<i<n
T\a;,, q
[ 1 1 1 ..
- = —_ )+ , Jj=i<n
TL Ny 4 al,,—a? ‘
17 ( 1 l) 1 1 :l
B,={ —| — —— )+ — , i<j<n (5.4)
i nl \g, a \/al?“—a,? \/af—a,z g
NI
- ____I_:I, i<j=n
npa, a,z,—a,?
11
-, i=j=n
\ T a,

Corresponding to Method 2 is approximation 1/./r*—a?~(1// a_,—al+
1/\/a} — a?)/2. However, this cannot be applied, since 1 /</r* — a? has a singularity at
r=a; and hence becomes infinity there. This can be avoided by adopting, in
correspondence with Method 3, approximation

f”’ () ! j Y de(r). (5.5)

g frr—a? Jar,,—a?le.
Again, N is determined from &,=0, which yields the following:
Method 6.

1( 1 1 ) .
—_— R J<I<n
T\Gjv12 Qi_gp
l [—_( 1 _ 1 )+ 1 : ] j=i<n
TL \iviz Qi_gp \/a,?+ 2 —a? ’
17 ( 1 1 ) | 1 ]
B.. - — - + - X i<j<n (5.6)
d L \%412 Gi_yp \/aﬁ, 12— a? \/af_ x/z_a:?
1 1 1
_( - ], i<j=n
TlLan_yp2 \/a:_l/z—af

11

)
na,_

i=j=n.

Corresponding to Method 4 is approximating the distribution function ¢(r) by a
linear function in each subinterval. Put dé(r)~(¢;—@,_,) dr/h;_, in the interval
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[a;_1, a;). This approximation was also used by Anderssen and Jakeman [24] and
Anderssen [25]. In our case, we have

.( /‘j.¢(_r_)az —¢-1) .[ \/—_

The numerical density N is determined from &, =0. Here, special care is necessary.
The integral in the right-hand side of Eq. (5.7) does not converge for j=1 when
i=0. However, the integral of Eq. (5.1) is convergent even when R=0, because
f(ry=0(r) near r=0 (cf. Eq.(2.1)). If we approximate ¢(r) near r=0 by a
quadratic function

(5.7)

s~ )¢,, (53)
we obtain the following:
Method 1.
(172 1 o
2|2 togas—togan) +4- (=B | i=j=1
172 .
o h—o—-,:(logaz—loga,) , l=j<i
1 /1 h; 1
= —(Flogam ’,—IT’lga+h llogai-.)], I<j<i
- ] J j—
l_._.(_l_lo a .h‘l—-l-h'l 1 10
=V B4t Ik, oga h:—l gdi_
1 1
B;= +F(ﬂ,~,.-+.—ﬁ.-.~)], i=j<n (5.9)

-l-[—(llo a —Mlo + : lo
wl T\ OB T Ty, BT, OB

1 / l+/ 1 . .
+h_jﬂi,j+l h, |’ Bu / lﬂi,j—l:l, i<j<n
H_L toga,—1lo Y < j=
- hn—| ga, gan-l)_m( in Bi.n-—l) 5 I<jJ=n
1

(loga,—loga,_,), i=j=n,
Ty

where

B;=log(a; +/a}—a?). (5.10)
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(Again, all log(-) can be replaced by log[(-)/a], where a is a constant whose
dimension is length.)

6. THE CONDITION NUMBER OF THE SCHEME

We have shown that all the computational schemes studied so far have, irrespec-
tive of the derivation techniques, the same form

¢=A®, ®=BY, (6.1)

where ¢ is the input vector whose ith component is ¢,, ® is the output vector
whose ith component is &;, and B=A ~'. Hence, once these matrices are com-
puted, all the necessary computation for given data is just a matrix multiplication,
and no difference exists in computation speed. Now, if the input vector ¢ contains
errors, the output vector ® has corresponding errors. It is very difficult to describe
the amount of the output error in general terms because it depends on the form of
the input data ¢. Still, there is an input independent index which describes a
“bound,” not the exact amount, of errors. It is called the “condition number” of a
matrix and is widely used as a rough index of error sensitivity in numerical analysis
(cf. [34]). Let [x], denote the “L” norm” of a vector x and [A| p its “adjoint norm”
of a matrix A, i.e.,

IAll, =sup A/l (6.2)
x#0

Hence, we always have [|Ax|,<|[A|l,lx[|,. Here, we consider only the case
p=1, c0:

p=1:  |xlh=Y |xi IIA|||=mj?x Y 14y (6.3)
i=1 i=1

p=0o0:  Ix[lo=max|x], |All,=max ) |4, (6.4)
i i

In functional analysis, the L? norm is most frequently used because it is easy to
treat analytically. For example, variations are expressed in linear forms. However,
the L' and L™ norms are most convenient in numerical analysis, because they have
simple intuitive meanings, ie., the “maximum” and the “average,” respectively,
while no such simple meaning is associated with the L? norm. Moreover, the
adjoint L' and L norms of Egs. (6.3) and (6.4) are readily computed from a given
matrix, whereas numerical computation of the adjoint L2 norm involves eigen-
values, which are difficult to compute accurately, especially when the dimension is
large.

Let ¢ be an ideal input value and ® the associated ideal output value. If ¢ + 4
is the actual input, the output becomes ® + A®, where 4® =B4¢p. Hence,



ERROR FOR SPHERE SIZE DISTRIBUTION 241
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Fi6. 2. Condition numbers of Methods 1-7; (a) ¢, and (b) ¢,

|4®],< B, |4l Since (9], = |AD|, < [|All, [PIl,, the relative errors of the
input and the output are related by

4@\, /I®l, <c, 141l /lIbli 5, (6.5)
where ¢, is the condition number defined by
c,= Al 1B . (6.6)

From this, we can conclude that if the condition number is very large, the scheme
might be vulnerable to input errors. Figures 2a and b plot the condition numbers
¢, and ¢, of Methods 1-7. As is seen, the condition number is approximately
proportional to a certain power of n. As will be shown later, Methods 4 and 7 give
a high order of accuracy, but their condition numbers are not small compared with
other methods. In contrast, Methods 1 and 5, which turn out to be of poor
accuracy, have smaller condition numbers than the rest. Thus, we must realize that
methods of high accuracy may be very sensitive to input errors, though the amount
of error depends on a particular form of the input data. The correlation between the
condition numbers and actual errors is studied later for a synthetic model.

7. ERRORS OF THE IMPLICIT FORMULAE

We now consider the errors due to the discrete approximations we used
and derive their asymptotic forms for large n. Since we are not necessarily de-
manding that the partition 0=go<a, < -** <a,= Ry, be equidistant over the
interval [0, R,,,], we must first define the way in which the partition points are
increased. Let m(R) be the “partition point density” defined in such a way that
lim, .. ., (the number of partition points in [a, b])/n=[5m(R) dR. By definition,
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{&==x m(R) dR = 1. We consider only those partitions for which m(R) is defined as a
smooth positive function over [0, R,,,,]. Furthermore, we assume that the partition
for finite n is done in such a way that

h;=1/nm(a;) + O(1/n?), (1.1)

where h,=a;,, —a; is the length of the ith subinterval.
Next, we define “residuals” 4,¢,, 4,¢ and 4¢, respectively by

Rmax
-2 L, / R?—r? d®(R) = (approximate form)+ 4, ¢,, (7.2)
2RN = (approximation form) + 4,4, (7.3)

¢:= (approximate form) + 4¢,. (74)

Hence, 4¢,= 444 + 4,¢;. Then, we obtain the following asymptotic forms:

Method 1.
_Lu_RFR) _dR 1 ) ;
'[ \/Rz—azm(R)+0(n n) (73)
Ao¢=—-j F(R)W+0(i2) (1.6)

@ RF(R) dR R 1
=[] T TP (R)]*O(nﬁ)' 07

This result is obtained by expanding /R? —a? into a Taylor series at R=g; in each
subinterval [a;_,, a;] and by approximating the summation of the remainders by
an integration. In doing it, special care is necessary to take into account the
singularity at R=a,;. The integrals in these equations appear because the

approximation (4.2) of Method 1 replaces ./ R*— a? in each subinterval by its value
at the right end. The integral in Eq. (7.5) is convergent but is a singular integral.

Hence the terms O(1/n \/r_z) appears:

Method 2.

4,4;= C2/aiFla) (nz), (18)

- m(a )3/2 3/2
an dR 1
Ao¢=FJ F(R)—(R—)z+0(;3-), (7.9)
4 ,_CZ(\/)_,,f (,‘fz) o(nz), (7.10)
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where C, is a constant. This result is obtained by applying the Lagrange inter-
polation formula in each subinterval [a;_,, a;] and by considering the sum of the
remainders. It turns out that the errors near the singular point R=a; are
predominant over the rest. It is difficult to determine the exact value of the constant
C,. However, its approximation is obtained by replacing the sum by a divergent

integral and by evaluating its asymptotic behavior, and we obtain C;~ -5 \/_ 2/12.

Method 3.

4 i_ch/' Fla,) 0<n2), 1)

m(a )3/2 372

" dR

4¢=37j Pmy7iﬁ+o(%) (7.12)
Cs Ja Fla)

4 ,..’;&f:;z 3 (nz) - (113)

Thus, the form is the same as Method 2 except for the constant C;. This result is
also obtained by expanding ./R*—a? at R=(a;_,+a;)/2 in each subinterval
[a;_,,a;] and by considering the sum of the remainders. Again, it turns out that
the errors near R=a; are predominant. An approximate value of C, is obtained

similarly, and we have Cy~ (48 —31 ﬁ)/24.

Method 4.
_ 1 (= RF(R) dR 1
4i6= gl \/Rz—a,? m(R)2+0(n2 ﬁ)’ (7.14)
1 dn dR ]

a RF(R) dR an dR 1
=5 U JR=a mR) Jo P+ (5 ﬁ)‘ (716)
Since this method approximates @(R) by a piecewise linear function, the error term
is estimated by applying the Lagrange interpolation formula to @(R) of Eq. (3.1) in
each subinterval [a;_,, a;] and by approximating the sum of the remainders by an
integral. The integral in Eq. (7.14) is convergent but is a singular integral. Hence,
the term O(1/n? \/1—1) appears.
Let 4 be a vector whose ith component is 4¢,. Since ¢ =A® + 4, we have
® = B¢ — B4é. Hence, the error involved in the solution B¢ is given by

4d,= — Y B;44;. (7.17)

j=1
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Since B;= O(1/n), the order of error is about the same as that of 4¢, and we can
roughly say that the order of error is 1/n for Method 1, 1/n \/_ for both Method 2

and Method 3, and 1/n? for Method 4. However, the amount of the error is also
affected by the form of ®(R), as has been shown.

8. ERRORS OF THE EXPLICIT FORMULAE

Define the error terms 4,®,;, 4,® and AP, by

1 ran  ddb(r)
—— = (approximate form)+ 4,9®,, (8.1)
[
N = (approximation form) + 4,9, (8.2)
&, = (approximate form) + 4%,, (8.3)
respectively. Hence A®,=A4,D;+ 4,P.
Method 5.
Cfla) (1) 34)
= Tamar Jnt
_Cs5f'(0) log n 1
Ady® = (o) T+ o (;), (8.5)
Csf(a) 5/'(0)logn (1)
AP, = o|-) 8.6
\/_\/m(a,) \/- m@0) n + n (86)

This result is obtained by expanding 1/,/r*—a? into a Taylor series at r=a;in
each subinterval [a;_,, a;] and by considering the sum of the remainders. Smce
both Egs. (8.5) and (8 6) have the term O(1/n), we obtain Eq. (8.6). It follows that
the errors near r =0 and r =g, are predominant, though the approximation (5.3) of

Method 5 replaces 1/,/r*—a? in each subinterval by its value at the right end.
Approximate values of Cs and C§ are obtained as before, and we have Cs~
—3./2/4n and Ci~1/2n.

 Method 6.

Cs f(a) 1
4,P;= R .
JarJmay Jn <n ﬁ) &

do®= C“(fo)(?“‘;# (lz (8.8)
Cs f(a)) 1

- . 8.

4% \/—\/m(a)\/- (n n) 89)
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This result is obtained by expanding 1/\/r*—a? at r=(a;_, +a;)/2 in each sub-
interval [a;_,, a;] and by considering the sum of the remainders. It turns out that
the errors near r=a; are predominant. Approximate values of C¢ and Cj are

obtained as before, and we have Cg~ —(97 \/5— 96)/96n and Cs~ —1/24x.
Method 1.

Crf(a) 1
10 0 ) (®10
_G/(0) 1
450= 0550 +0 () @10

4P,

_GSO),  Cifa) +0(1) (8.12)

T mO)n " Ja,m(a,)n? n?

n*)
This result is obtained by applying the Lagrange interpolation formula to ¢(r) in
each subinterval [a;_,, a;] and by considering the sum of the remainders. It turns
out that 4,®, is dominated by the errors near r=a; and 4,% by the errors near
r=0. Since both Eqs. (8.10) and (8.11) have the term O(1/n?), we obtain Eq. (8.12).
Approximate values of the C; and Cj are obtained as before, and we have C;~
5./2/24x and Cy~ —1/12m.

Thus, the order of error is lower for the explicit formulae than for the
corresponding implicit formulae. This is because the degree of singularity of the
explicit integral equation (5.1) is higher than that of the corresponding implicit
equation (3.1) and hence the same scheme of approximation yields larger errors for
the explicit formulae. Of course, the amount of the error also depends on the par-
ticular form of ¢(r).

9. NUMERICAL EXAMPLES AND CONCLUDING REMARKS

As an example, let R,,,, be 1 and the numerical denity N be 1, and consider the
distribution density

F(R)=30R*(R—-1)~ (9.1)
The mean radius R is 1/2. The distribution function is given by
®(R)= R*(6R*— 15R + 10). (9.2)

Consider the case of 1 =0. The corresponding distribution function of cross sections
is determined by Eq. (3.1) and is given by

1—r2

1
d(r)=1 —2(49r“—8r2+4),/1 —r2+%r‘(r2+2) logﬁ-r—. (9.3)
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FiG. 3. A sphere size distribution and the corresponding size distribution of cross sections;
(a) distribution densities and (b) distribution functions.

Its distribution density is given by

+J/1-r?

flr)= ‘% r(23r=2) J1=r2 +§r3(3r2 +4)log . (9.4)

Equations (9.1)-(9.4) are plotted in Fig. 3. Let Eq. (9.3) be the input to reconstruct
Eq. (9.2). For simplicity, we adopt equipartition of radius (a,=i/n). Hence,
m(R)=1. We adopt |4®||, = max;|4®,| (maximum error) and [|4®],/n=3"_,
|d4®;)/n (average error) as measures of the error magnitude. They are plotted in
Fig. 4, which shows that the orders of convergence are in good accordance with our
estimates. Fig. 5 shows the error distributions (solid) for Methods 5-7 with n = 30,
60, 120 and their estimates (dashed), i.e., Eqgs. (8.6), (8.9) and (8.12) with terms of
O(-) neglected. As is seen, our estimate is fairly good. Note that the error is zero at
R =0 because we used the relation @, =0 in constructing the schemes. We could
easily guess that primitive schemes like Methods | and 5 may turn out poor

1 s o % 100 1 5 10 " so 100
1o-! 10-1
C ...
10-2f N0 2
8 -y
? -’1‘10-3
= 19-3] METHOD 1 METHOD 1
Z 2
10-4
104} 5 5
6
$ 7
a b

FiG. 4. Errors of Methods 1-7 for the distribution of Fig. 3; (a) [|4®]| ., and (b) |4®| W/n.
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Fic. 5. Distributions of actual errors (solid) and estimations (dashed) for the distribution of Fig. 3
with n =30, 60, 120; (a) Method 5, (b) Method 6 and (c) Method 7.

accuracy, but we cannot guess to what extent they are poor and to what extent
elaborate ones like Methods 4 and 7 are superior unless the error behavior is
analyzed.

As is expected, implicit formulae, especially Method 4, exhibit high accuracy for
this example. Therefore, they are expected to be of practical value, though the con-
clusion is not decisive and we must be careful about the possible input, error sen-
sitivity. This may appear to be in contradiction to the claim of Anderssen and
Jakeman [20] and Anderssen [21], who reject implicit formulae. The basic dif-
ference between their approach and ours lies in the fact that theirs involves differen-
tiation processes, i.e., the use of densities, and overall accuracy is examined with the
input noise taken into account, while ours concentrates on the computational
aspect in terms of distribution functions.

Next, consider the input error sensitivity for this input. Adopting a simple model,
we suppose that the particle distribution is subject to a stochastic Poisson process.
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Since all the quantities involved are linear in observed number of particles, the
variance of an input value is proportional to its expectation value. Hence, if ¢; is
interpreted as the expactation value, the variance is k¢;, where k is a constant
depending on the sampling method, e.g., the area of the probe plane and the num-
ber of trials over which the average is taken. Suppose, for simplicity, ¢, is obtained
by independent trials for each i. (This is rather an artificial hypothesis, for ¢,/s are
always correlated.) The variance of ®; is k 37, B}¢; and its standard deviation is

its square root. Put 6,= /¢, and X,= /37| B}¢;. Figure 6 plots |Z|,/l6]l,, and
I1Z]l/lloll,. We can see a clear correlation between this result and the condition
numbers (cf. Fig. 2).

As we have seen, implicit formulae are in general expected to be computationally
superior to explicit formulae. However, aside from the fact that no matrix inversion
is necessary, explicit formulae have the advantage that the asymptotic error can be
estimated in terms of the observed size distribution of cross sections. In other
words, though the error may be larger, we can estimate its behavior. The fact is
utilized for various purposes. For example, we can make a correction by using the
asymptotic estimate. The error behavior of Method 7 after this correction is shown
in Fig. 7, where f'(0) and f"(a;) in Eq. (8.12) are estimated by the four and three
point difference formulae, respectively, over ¢, ¢,,..., #,. This may seem in con-
tradiction to our previous statement that accurate numerical differentiation is dif-
ficult, but here differentiation need not be accurate. Even if errors of order 1/n for
f'(0) and of order l/ﬁ for f'(a;) are involved, they are absorbed in the term
O(1/n*) of Eq. (8.12). In our case, the error order of differentiation is 1/n? for both
S'(0) and f’(a;) and small errors need not be worried about. We can see that the
correction of Method 7 is about as good as Method 4.

Another thing we can make use of out of this study is the Richardson-type
“acceleration.” Consider the correction of Method 7, and put its output to be

100} METHOD ] 100F METHOD ]
8 2 - Z
o 4 = A
= 5 = 5
S 6 > 6
E 7 g 7
10t 0f

1 /s/vo 50 100 1 =0 50100
n n
a b,

F1G. 6. Input error sensitivity for the input of Fig. 3 based on a Poisson model; (a) [|Z[ ./ll6ll, and
(b) I1Z1,/lal,.
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Fic. 7. Errors of Method 4 (M4), acceleration of Method 4 (AM4), Method 7 (M7), correction of
Method 7 (CM7) and acceleration of corrected Method 7 (ACM7); (a) [4®|,, and (b) | 4D],/n.

®,(a;) when the number of partition is n. Since the order of the remaining error is
about 1/n?, we can improve accuracy by

8,(R) =3 (40,(R) = @,(R)) ©95)

for R=a; with even i when n is even. The same idea applies to Method 4 as well,
since it has also errors of order about 1/n2 Figure 7 shows the error behavior after
the acceleration, indicating a considerable improvement. (The norms are taken only
for even-indexed components.) Thus, our study of the error mechanism not only
makes us explain observed error behaviors but also gives us various techniques to
improve accuracy. It is true that, in practice, computational accuracy is not the
only concern. Also important is the sampling error, which seriously affects the
estimation even if we have a “perfect scheme” which exactly converts the basic
equation (e.g., see Watson [35]). However, if an accurate scheme is available, it
can accurately single out other error sources. Since integral equations of Abel type
are frequently encountered in various problems in physics, our analysis is also
applicable to many problems other than stereology where similar numerical com-
putation is involved.

ACKNOWLEDGMENTS

The authors are greatly indebted to the reviewers for their comments and kind offer of literature. Part
of this work was supported by Saneyoshi Scholarship Foundation.



250 KANATANI AND ISHIKAWA

L

w N

wv

33.

34

35.

REFERENCES

L. A. SANTALO, “Introduction to Integral Geometry,” Hermann, Paris, 1953.

M. G. KENDALL AND P. A. MoRraN, “Geometrical Probability,” Charles Griffin, London, 1963.

H. ELias (Ed.), “Stereology (Proceedings, 2nd International Congress for Stereology, Chicago,
1967),” Springer-Verlag, Berlin, 1967.

. R. T. DEHoFF AND F. N. RHINEs, “Quantitative Microscopy,” McGraw-Hill, New York, 1968.
. E. E. UNDERWOOD, “Quantitative Stereology,” Addison-Wesley, Reading, Mass., 1970.
. L. A. SANTALO, “Integral Geometry and Geometric Probability,” Addison~Wesley, Reading, Mass.,

1976.

. R. E. MILEs AND J. SERRA (Eds.), “Geometrical Probability and Biological Structures: Buffon's 200th

Anniversary,” Springer-Verlag, Berlin, 1979,

. E. R. WEIBEL, “Stereological Methods,” Vols. 1, 2, Academic Press, New York, 1979, 1980.
. K. KANATANI, Stereological determination of structural anisotropy, Int. J. Engrg. Sci. 22, No. 5

(1984), 531.

. K. KaNATANI, Procedures for stereological estimation of structural anisotropy, Int. J. Engrg. Sci., in

press.

- K. KANATANI, Detection of surface orientation and motion from texture by a stereological techni-

que, Artificial Intelligence 23 (1984), 213.

. K. KANATANI, Tracing planar surface motion from projection without knowing correspondence,

Computer Vision, Graphics. and Image Processing, 29, No. 1 (1985), 1.

. L. M. Cruz-ORIVE, J. Microsc. 107, No. 3 (1976), 235.

. L. M. Cruz-ORIiVE, J. Microsc. 112, No. 2 (1978), 153.

. L. M. Cruz-ORIVE, J. Microsc. 131, No. 3 (1983), 265.

. R. COLEMAN, Biom. J. 24, No. 3 (1982), 273.

. R. CoLEMAN, Biom. J. 25, No. 8 (1983), 745.

. P. L. GoLpsMITH, Brit. J. Appl. Phys. 18 (1967), 813.

. G. M. TaLLis, Biometrics 26, No. 3 (1970), 87.

. N. KEIDING, S. T. JENSEN, AND L. RANEK, Biometrics 28, No. 9 (1972), 813.

- S. KoscHITZK1, Math. Operationsforsch. Statist. Ser. Statist. 11 (1980).

. L. ScHWARTZ, “Théorie des Distributions,” Vols. 1, 2, Hermann, Paris, 1950, 1951.
. L. ScHwARTZ, “Méthodes Mathématiques pour les Sciences Physiques,” Hermann, Paris, 1961,
. R. S. ANDERSSEN AND A. J. JAKEMAN, J. Microsc. 105, No. 2 (1975), 135,

. R. S. ANDERSSEN, J. Inst. Math. Appl. 17 (1876), 329.

S. ANDERSSEN AND P. BLOOMFIELD, Technometrics 16, No. 1 (1974), 69.
S. ANDERSSEN AND P. BLOOMFIELD, Numer. Math. 22 (1974), 158.

R.

. R.

. E. SCHEIL, Z. Anorg. allg. Chem. 27 (1931), 201.
H.

A. SCHWARTZ, Metals and Alloys 5 (1934), 139.

. S. A. SALTYKoOV, in “Stereology (Proceedings, 2nd International Congress for Stereology, Chicago,
*1967)” (H. Elias, Ed.), p. 163, Springer-Verlag, Berlin, 1967.

. S. D. WICKSELL, Biometrika 17 (1925), 84.

. B. BACH, in “Quantitative Methods in Morphology” (E. R. Weibel and H. Elias, Eds.), p. 23,

Springer-Verlag, Berlin, 1967.

R. CoURANT AND D. HiserT, “Methoden der Mathematischen Physik, I,” Springer-Verlag, Berlin,
1931.

J. H. WiLKiNsON, “Rounding Errors in Algebraic Processes,” Her Britannic Majesty’s Office, Lon-
don, 1963.

G. S. WATSON, Biometrica 58, No. 3 (1971), 483.

Printed by the St. Catherine Press Ltd., Tempelhof 41, Bruges, Belgium



