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Abstract—In order to realize autonomous robot navigation,
we propose a method for detecting the boundary between a
floor and a wall by extracting an ellipse projected from a robot-
mounted projector. We note that a circular cone of light projected
onto the region where the floor and the wall meet produces two
intersecting ellipses in the image. We detect the two ellipses from
the image and estimate the line that separates them, which we
regard as the floor-wall boundary. We also propose a new method
for fitting an ellipse to an edge point sequence which may contain
outliers, i.e., non-elliptic arcs. Using real images, we show that
our proposed method can detect the floor-wall boundary even
when the detected edge point sequence contains outliers that have
complicated forms.

Index Terms—Autonomous robot navigation, Ellipse fitting,
Outlier detection

I. INTRODUCTION

In order to realize autonomous robot navigation, many
methods have been proposed for detecting walls and obstacles.
They are classified into three approaches: the use of range
sensors [16], the use of computer vision techniques [1], [12],
[14], [15], and their combinations [13].

A well-known computer-vision-based approach is SLAM,
which simultaneously estimates the robot position and gen-
erates a 3-D map of the environment. It is based on 3-D
reconstruction from the images taken by a robot-mounted
stereo cameras. Hence, the accuracy of the resulting 3-D
reconstruction deteriorates if we try to extract feature points
on texture-less objects like walls and to track them,

In this paper, we propose a method for detecting the
boundary between the floor and the wall by extracting an
ellipse projected from a robot-mounted projector. If a circular
cone of light is projected onto the region where the floor and
the wall meet, we observe two ellipses in the image. We can
regard the line that separates them as the floor-wall boundary.
In order to extract the two ellipses, we extract edge points and
fit an ellipse to them. For this purpose, it is rather an advantage
of our method that the floor and the wall have low-texture.
However, we may also extract edge points that do not belong
to elliptic arcs. Hence, we need to consider the existence of
such outliers.

Many methods have been proposed for extracting elliptic
arcs from an image and for fitting an ellipse to the extracted
arcs [6], [17], [19]. Ellipse parameters can be obtained even
if when only a part of the ellipse is observed. Hence, it is
expected that a robust system can be built by projecting light
and doing ellipse fitting.

Many methods exist for fitting an ellipse to the obtained
elliptic arcs [8], [9], [2], [10], [7], [4], [18], [11]. However,
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Fig. 1. (a) Proposed autonomous mobile robot. We project a circular cone of
light onto the floor and capture the image of it. (b) If the light is projected
onto the region where the floor and the wall meet, two intersecting ellipses
are produced and the line that separates them can be detected as the floor-wall
boundary.

(b)

most of them do not consider the presence of non-elliptic
arcs, which we call outliers, in the input data. RANSAC is a
well known framework for dealing with outliers [3]. However,
RANSAC requires a lot of iterations before obtaining the final
result, because it involves random sampling. Yu et al. [19]
detected and removed outlier points by considering the fitting
residuals Iteratively applying this, they fitted an ellipse to the
remaining inliers. However, the number of inliers decreases
in the course of the iterations. This sometimes decreases the
accuracy of the resulting fit.

In this paper, we propose a new method for simultaneously
fitting an ellipse and detecting outliers. Assuming that input
data are a spatially connected sequence of edge points, we
segment it into partial arcs by considering the ellipse fitting
residuals and detect inlier arcs by computing the curvature
of the residual graph. Our fitting method has several advan-
tages over existing methods. Although our method involves
iterations, the number of iterations is much less than those of
RANSAC and Yu’s method.

II. PROPOSED METHOD

We estimate the floor-wall boundary by using a projector
and a camera mounted on a mobile robot. If a circular cone of
light is projected onto a flat surface, we observe an ellipse
in the image (Fig. 1(1)). If it is projected onto the region
where the floor and the wall meet, we observe two intersecting
ellipses in the image (Fig. 1(2)). In the latter case, the line that
separates them is the floor-wall boundary. Thus, extracting two
ellipses from the image, we can detect the floor-wall boundary.



Since the projector and the camera are fixed to the robot,
the shape of the ellipse we observe does not change if the floor
is completely horizontal and its position relative to the robot
is the same. Thus, the parameters of the expected ellipse can
be computed in advance. Hence, we can detect the floor-wall
boundary by extracting the part projected onto the wall and
by estimating the line that separates it from the part projected
onto the floor. Our floor-wall boundary detecting method is
summarized as follows:

Initialization procedure:

1) Project a circular cone of light onto the floor and capture
the image.
2) Extract edge points and fit an ellipse to them.

Floor-wall boundary detection procedure:

1) Project a circular cone of light and capture the image.

2) Extract an edge point sequence and segment it into
multiple arcs, and choose the arc that has the largest
number of points.

3) Remove those edge points that (approximately) belong
to the ellipse obtained in the initialization procedure.

4) Fit an ellipse to the remaining edge points by the ellipse
fitting method described below.

5) Analytically compute the line that separates the two fitted
ellipses.

In the following, we summarize our method for analytically
computing the separating line and describe the details of our
ellipse fitting techniques.

III. FLOOR-WALL BOUNDARY DETECTION FROM ELLIPSES

A. Ellipse expression

Curves represented by a quadratic equations in x and y in
the form

Ax? + 2Bay + Cy* + 2fo(Dx + Ey) + f2F =0, (1)

are called conics, which include ellipses, parabolas, hyperbo-
las, and their degeneracies such as two lines [5].

In Eq. (1), fo is a constant that has the order of the image
size for stabilizing finite length numerical computation'. If we
define 3-D vector  and 3 x 3 matrix @ in the form

T A B D
T = Y , Q=| B C FE |. 2)
fo D E F

Eq. (1) is written as
(z,Qz) =0, 3)
where (a, b) denotes the inner product of vectors a and b.

"'We set fo = 600.

B. Intersection lines of two ellipses
Given two ellipses (z,Q,z) = 0 and (x,Q,x) = 0, the
equation

(2, (Q +2Qy)x) = 0, )

describes, for an arbitrary constant A\, a quadratic curve or its
degeneracy that passes through all the intersections (if there
are any) of the two conics. If we select a A such that

|Ql| =0, QIIQ1+)\Q2» 5)

Eq. (4) degenerates into two real or imaginary lines. If the two
ellipses intersect at four points, the two lines that pass through
them can be written as

B'D' — A'F'
War =V BT RO+ (0 - TS =0
(6)

where A’,B’,... are the elements of Q' corresponding to
Eq. (2). If the two ellipses are tangent to each other at two
points, the line that passes through the two tangent points is
given by

Az +By+D'fy=0. (@)

C. Floor-Wall boundary detection

The two ellipses resulting from projection of circular cone
of light on to the region where a floor surface meets a wall are
tangent to each other at two points; the tangent lines at them
corresponds the tangent planes to the circular cone of light. The
line that passes through the two tangent points are regarded as
the floor-wall boundary. However, the detected ellipses from
the image may not be necessarily tangent to each other at two
points due to the inaccuracy of the ellipse fitting procedure. In
order to cope with this, we compute the constant A according
to the following rules, noting that Eq. (5) should theoretically
have a double root if the two ellipses are tangent to each other:

1) If Eq. (5) has three real roots, take the A\ to be the
midpoint of the two closest roots.

2) If Eq. (5) has one real root and two complex conjugate
roots, take A to be the real part of the complex conjugate
pair.

We compute @’ from the resulting A and estimate the floor-

wall boundary as Eq. (7).

IV. ELLIPSE FITTING WITH OUTLIERS
A. Ellipse fitting
Our task is to compute the coefficients A, ..., F' so that the
ellipse of Eq. (1) passes through the detected points (Za, Ya ),
a = 1,...,N, as closely as possible. For a point sequence
(Ta, Yo)s @ =1, ..., N, we define 6-D vectors
504 - (.Ti, 2xaya, y(217 2f0$0u Zfoyou f(?)—ra
0 = (A, B,C,D,E, F)T. (®)

The condition that (z,,y,) satisfies Eq. (1) is written as
(&,.,60)=0. 9)

Since vector 6 has scale indeterminacy, we normalize it to unit
norm: ||0]| = 1.
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Fig. 2. (a) An ellipse fitted to a point sequence which includes non-elliptic
arcs. A black line is an input point sequence. A blue and a red point are
a start and an end point of the input point sequence. (b) Fitting residual.
The horizontal axis shows the index of the points, which starts from the blue
point to the red point shown in (a). The vertical axis shows the signed fitting
residual, whose sign is computed by the left-hand side of Eq. (9).

Since Eq. (9) is not exactly satisfied in the presence of
noise, we compute a 6 such that (£,,0) ~ 0, « =1, ..., N.
For computing a 0 that is close to its true value, we need to
consider the statistical properties of noise. The standard model
is to regard the noise in (z4,y,) as an independent Gaussian
random variable of mean O and standard deviation o. Then,
the covariance matrix of the vector &, has the form o2Vy[€,],
where

z2 Zala 0 fofa O 0
jagﬂ i‘i + gi jaga nga fOi'a 0
_ 0 faga ga 0 foga 0
Vel =4 o gae 0 7 o ol
0 foZa  foJa O 50
0 0 0 0 0 0
(10)

which we call the normalized covariance matrix [7]. It depends
only on the true position (Z,ys) of the data point (x4, Y )-
In numerical computation, we replace the true values by the
data values?.

B. Overview of the proposed ellipse fitting

We assume that input points are a spatially connected curve
and that fitted ellipse intersects the curve at multiple points
(Fig. 2(a)). We segment the input curve into partial arcs at these
intersection points. We compute the variation of the tangent
angle to the graph of the fitting residual, which we simply call
error curvature in this paper, and judge if each arc is an inlier
or an outlier based on this error curvature.

The algorithm of our method is summarized as follows:

1) Fit an ellipse to a point sequence by Fitzgibbon’s method
[4].

2) Compute the sign of the left-hand side of Eq. (9) for
all the points and segment the point sequence into
partial arcs at the points across which the computed sign
changes.

3) For each segmented arc, detect the point where the resid-
ual takes a maximum and compute its error curvature ¢
at this point.

2We have confirmed that this does not affect the results of our experiments.

4) Go to Step (a) if it is the first ellipse fitting, else go to
Step (b).
a) Select an inlier arc which has the smallest value ¢
among those arcs whose arc lengths are longer than
a threshold®. Eextend it to adjacent arcs if their end
points correspond to the peak of the arc. Then, we
fit an ellipse to these selected arcs.
b) Select the arcs whose error curvature ¢s are smaller
than a threshold* ¢ and fit an ellipse to them.

5) Repeat the procedures from Step 2 to Step 4 until the
number of inliers does not change.

The principle of our method is nearly equivalent to the
curvature-based segmentation and outlier detection. However,
our method is more efficient, because our method computes
the curvature of the residual graph at only one point where
the residual takes a maximum in each segmented arc.

In Fig. 2, the input point sequence is segmented into five
partial arcs by the fitted ellipse. The residual value of the arc
PQ, which consists only of an elliptic arc, smoothly changes
around the peak value. On the other hand, we can see that the
residual graph has a peaky shape over the arcs consisting of
non-elliptic arcs.

Moreover, we can see that the arcs PP’ and QQ’, which
are connected to the elliptic arc PQ, are also elliptic arcs.
The points P’ and Q' are the peak points of the partial arcs
adjacent to the elliptic arc PQ. Therefore, if we use not only
the detected inlier arc but also the adjacent arcs like the arcs
PP’ and QQ' for ellipse fitting, we can effectively fit a correct
ellipse.

As discussed before, if the selected arc is an elliptic arc,
the adjacent arcs are also elliptic arcs. Therefore, we can
effectively fit a correct ellipse if we use those arcs. However,
if we select a non-elliptic arc as an inlier and add adjacent
outlier arcs to fit an ellipse, we cannot fit a correct ellipse.

For this reason, in the first iteration of our algorithm, we
select among the arcs that are sufficiently long the one whose
error curvature ¢ at its peak point is the smallest. We regard
it as a reliable inlier and extend it to the adjacent partial arcs.
After the first iteration, we select all arcs whose error curvature
¢s are smaller than a threshold d; ‘We do not extend those arcs,
because the adjacent arcs can be non-elliptic arcs if the selected
inlier arcs approximately belong to the correct ellipse.

In the following sections, we describe the details of our
method.

C. Division of the point sequence

The left-hand side of Eq. (9) at the point p,, has a different
sign outside and inside the ellipse 6. Using this fact, we
segment the input point sequence {p,, } into partial arcs at those
points p, which have different signs from their neighboring
points.

3We set the threshold to be 5% of the number of input edge points.
4We set ¢ = 80°.
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Fig. 3. Error curvature ¢ of the peak point a* for a partial arc.

Numerically, however, the value (€, 6) may not be exactly
zero even if the point p,, lies on the fitted ellipse ; the points
lying on the fitted ellipse may irregularly change their signs.
Hence, these points can be divided in very short arcs. To avoid
this, we regard those partial arcs whose fitting error is close to
zero as elliptic arcs, and judge that they are inlier arcs without
computing its curvature. We call such arcs tangent arcs.

D. Inlier arc selection

After segmenting the point sequence into multiple arcs, we
detect the point where the fitting error takes its maximum in
each arc and compute its error curvature at this point. If the
computed curvature is larger than a threshold, we regard this
arc as an outlier. The numerical value of the curvature of the
fitting residual graph depends on the scale of the horizontal
axis of the residual graph. For example, if two arcs have
the same shape and different scales, the curvature may have
different values if the distance between consecutive points on
the horizontal axis is regarded as the unit of length. Therefore,
we describe the fitting residual of the ath point p, of the arc
under consideration by the vector

Almax

N

where ep.x is the maximum of the fitting residuals, N is
the number of points of that arc, and A is a constant for
normalization’. The fitting residual e,, at point p,, is computed
by

Q. =( cea) (11)

(€4, 0)
(6,10[€.16)°

If enax is extremely large, the normalization Eq. (11) may
not work well. So, if enay is larger than a threshold® Fy.y.,
we replace the value e.x with the threshold Fy,.x in the
normalization computation.

For M segmented arcs R, (i,j) ={Q4|8 = i,...,j}.k =
1,..., M, we select inlier arcs by the following algorithm. Fig-
ure 3 summarizes the symbols used in the following algorithm.

12)

Co —

1) Let a* be the index of the point whose residual takes
its maximum in the arc R,.. Here, if the residual at the
point p,- is smaller than a threshold’ FE.,;,, we regard
the arc R, as a tangent arc and finish this procedure.

SWe set A=2.0.
OWe set Fmax be (maximum image coordinates of the input points)/3.
TWe set Fin = 1.5

TABLE I
COMPARISON OF COMPUTATION TIME AND NUMBER OF ITERATIONS:
COMPUTATION TIME IN MSEC (NUMBER OF ITERATIONS).

Our method | RANSAC | Yu’s method
(1) | 8(4) 54 (161) 632 (161)
2) | 8(9) 42 (148) 600 (178)
3) | 403 64 (143) 424 (157)
) | 8(8) 68 (134) 48 (10)

2) Select two points whose indices (5 and ~ are such that
B:a*fd,’y:a*+d,d:(j*i)/7"7 (13)

where 7 is a constant® for determining the distance
between
the point o and its adjacent points 5 and ~. If both 3
and ~ are out of R,, we update d to d <— d — 1 until
either of the two points are in the arc R,.

3) Compute two vectors (") and x(® according to the
following three rules. Here, xl()a) denotes the b-th com-
ponent of the vector (@),

Case a: Points Q4 and Q. are both in the arc R,.

eV =Q,. —Qp 2¥ = Q.. —Q,. (14)
Case b: Point Qj is in the arc R,.

2 — Qo — Qs 2@ — (—wgl),xél))T.
(15)
Case c: Point Q7 is in the arc R,..

@ = Q. — Qv’ M) = (—$§2),$52))T.

(16)
4) Compute the error curvature ¢ by
(1) 2@
_ o —1 (J: y & )
om0 (1gimimy) - 7

5) Regard the arc R, as an inlier arc if ¢ is smaller than
threshold ¢.

We extend the selected inlier arc to its adjacent arcs to generate
a longer arc in the first round of ellipse fitting. If the adjacent
arc is a tangent arc, we test the next adjacent arc and regard
the non-tangent arc as an inlier arc.

V. EXPERIMENT
A. Simulations

In order to confirm the effectiveness of our ellipse fitting
method, we compared our method with RANSAC and Yu’s
method. Figure 4 shows the experimental results. The red
ellipse of Fig. 4(a) is the ellipse fitted by our method and
the blue points of Fig. 4(b) shows the selected inlier points for
fitting the final ellipse (Fig. 4(a)). Figure 4(c), (d) and (e), (f)
show the results of RANSAC and Yu’s method, respectively,
in the same manner as Fig. 4(a) and (b). We applied three
methods to different variations of input data and Fig. 4(1), (2),

SWe set r = 8.
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Fig. 4. Ellipse fitting results. (a), (c) and (e) The red ellipses are the fitted ellipse by our method, RANSAC, and Yu’s method, respectively. (b) and (f) The
blue points are the used points to fit those ellipse. (d) The blue points are the detected inliers by RANSAC.

(3) and (4) are four examples of them. As we can see that our
method could fit correct ellipses even if outliers are contained
inside of an elliptic point sequence shown in Fig. 4(1) and
outliers are smoothly connected an elliptic arc point sequence
shown in Fig. 4(2). RANSAC also fitted correct ellipses for
Fig. 4(1),(2) and (4). However, degenerated conic, which is
two lines, is fitted for Fig. 4(3). Yu’s method fitted a slightly
deviated ellipse from the correct one for Fig. 4(3) and a small
ellipse to a short arc for Fig. 4(4).

Table I shows the number of iterations and computation
times for three methods. We used Intel Core 2Duo 3.00GHz x2
for the CPU with main memory 4GB and Ubuntu 12.04 for
the OS. For RANSAC, we stopped if the solution did not
change after 50 consecutive iterations and counted the mean
total number of iterations over 10 trials. From this result, the
number of iterations and the computation time of our method
is superior to RANSAC and Yu’s method.

B. Real image experiment

We projected a circular cone of light onto a region where
a floor and a wall meet and captured its camera image.
Figures 5(a) show two input images. Figure 5(1)(a) is a very
simple scene, while Fig. 5(2)(a) is rather complicated with an
extra object near the floor-wall boundary. We first extracted
edge point sequences using the Canny operator and selected
a spatially connected segment that has the largest number of
points. Figures 5(b) show the selected edge segments.

We projected an ellipse onto the floor and captured its image
in advance. From that reference image, we extracted edge
points and fitted an ellipse to them. Using this reference ellipse,
we removed from the selected edge segment those points that
belong to the reference ellipse (Figs. 5(c)). We fitted an ellipse

to the remaining edge points by our proposed method and
estimated a floor-wall boundary.

Figures 5(d) show the experimental results. The red arcs
are the reference ellipse obtained in advance, and blue arcs
are the ellipses fitted by our method using Figs. 5(c). As we
can see, our method can fit an almost correct ellipse even
when the input edge point sequence contains outliers that have
complicated form.

For the two ellipses of Fig. 5(1)(d), we computed A\
of Eq. (5) and obtained three real roots A\ = —0.331839,
—0.337805, and —3.15419. We computed the mean of the first
two roots, and then computed the line using Eq. (7). For the
two ellipses of Fig. 5(2)(d), we also computed A of Eq. (5)
and obtained three real roots A = —0.285334, —0.296089, and
—2.35997. We computed the mean of the first two solutions,
and then compute the line using Eq. (7). The green lines of
Figs. 5(d) indicate the computed lines. We can see that the
floor-wall boundary is almost correctly estimated.

VI. CONCLUSION

In this paper, we proposed a new method for detecting the
boundary between a floor and a wall by projecting a circular
cone of light from a robot-mounted projector and extracting
an ellipse in its image. Near the floor-wall boundary, two
ellipses appear; we estimate the line that separate them, which
we regard as the floor-wall boundary. We summarized our
technique for analytically estimating the intersection line.

We also proposed a new method for fitting an ellipse
to an edge point sequence which may contain outliers, i.e.,
non-elliptic arcs. Assuming that input points are a spatially
connected segment, we segmented it to partial arcs based on
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Fig. 5. The result of real image experiments. (a) Input images. (b) Selected edge segments. (c) Input edge points for our ellipse fitting method. (d) Fitted ellipses
and estimated floor-wall boundaries. The red arcs are the reference ellipses fitted in advance. The blue arcs indicate the ellipses fitted by our method. The green

lines are the estimated floor-wall boundaries.

the ellipse fitting residuals and detected inliers by computing
the curvature of the residual graph for each divided arc.

By using simulated data, we compared the performance of
our ellipse fitting method with RANSAC and Yu’s method,
and showed that the accuracy and computation time of our
method are superior to existing methods. We also tested our
proposed floor-wall boundary detection technique using real
images. From the experimental results, we found that our
method could accurately detect the floor-wall boundary by
extracting an ellipse projected onto the scene.

In our future work, we need to validate the accuracy change
for various camera and projector locations. We also need to
estimate the real distance between the robot and the detected
floor-wall boundary and evaluate its accuracy.
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