?.Mj@-I>2A$rHw$($?:GE,$J%3%K%C%/Ev$F$O$a%W%m%0%i%‘ ;0Eg Ey y B@ED D>:H y 6bC+ 7r0l y y 72GOBg3X9)3XIt>pJs9)3X2J K\ O@ J8 $G $O J? LL >e $K M? $( $i $l $? E@ Ns $K :G E, $K %3 %K%C %/ $rEv $F $O $a $k $H $H $b $K Ev $F $O $a $N ?. Mj @- I> 2A $r M? $( $k %W %m %0 %i %‘ %Q%C %1!< %8 $r 5- =R $9 $k!# $= $N 86 M} $O :G L‘ ?d Dj $r \ $/ $j $3 $_ K! " $H 8F $P $l $k <j K! $G 7W;; $9$k $b$N $G $"$k!# $^$: F~=P NO$H ?. Mj@- I>2A $NI= 8= K!!"$* $h$S %"%k %4%j %: %‘$N 35MW $r=R $Y!" %W%m %0 %i%‘ $N;E MM$r @b L@$7!" :G8e $K<B 9TNc $r <($7!" %W%m %0%i %‘ $NFC D’$d Cm0U ;v9‘ $r =R$Y $k!#K\ %W%m %0 %i%‘ $O 6K$a $F8z N( E*!"9b @: EY!"$+ $D%m %P %9%H $G $"$j!" %3%s %T%e!< %?%S %8%g %s$N MM!9$J 1~ MQ$K 9- $/Mx MQ$5 $l $k$3$H$,4|BT$5$l$k!# %-!<%o!<%I : %3%K%C%/ , %W%m%0%i%‘ , %=%U%H%&%’%"%i%$%V%i%j , :GE,Ev$F$O$a , $/$j$3$_K! , ?.Mj@-I>2A Optimal Conic Fitting Program with a Reliabilit y Measure Hitoshi Mishima y , Nao y a Oh ta y and Kenic hi Kanatani y y Departmen t of Computer Science Gunma Univ ersit y , Kiryu, Gunma 376-8515 Japan This pap er describ es a program pack age for optimally �tting a conic to a sequence of p oin ts giv en on a plane and ev aluating the reliabilit y of the resulting �t. The basic principle is comput- ing maxim um lik eliho o d estimation b y a technique called r enormalization . W e �rst describ e the represen tation of input/output and reliability ev aluation. Then, we summarize the algorithm and describ e the program sp eci�cation. Finally , w e sho w execution examples and comment on c haracteristics of this program and related topics. This program is v ery e�cient, accurate, and robust and is exp ected to b e used widely for man y computer vision applications. Key w ords : conic, program, soft w are library , optimal �tting, renormalization, reliabilit y ev al- uation <U<- : K\8&5f$N0lIt$OJ8It>J2J3X8&5fHq4pHW8&5f#C (2) (No. 09680352) $K$h$C$?!# y 376-8515 6M@8;TE7?@D. 1{5{1 72GOBg3X9)3XIt>pJs9)3X2J , T el: (0277)30-1842, F ax: (0277)30-1801, E-mail: f mishima|ohta|kanatani g @ail.cs.gunma-u.ac.jp 1

1. =xO@ %3 %K%C%/ ( 1_?m 6J@~ ) $H $OBJ1_ ( 1_ $r4^ $‘ ) !"J| J*@~!" AP6J@~!" $*$h $S$= $l$i $,B‘ 2=$7$? $b$N $rAm >N $7 $?$b $N$G $"$k!# ?M 9)J* $K$O 1_$d 5e$+ $i @.$k 7A>u $,B? $/!" $=$N 6-3& $O2h A|>e $G BJ1_ $H$7 $F8= $o $l$k!# $7 $?$,$C $F%3 %K%C%/ Ev $F$O $a$b D>@~ Ev$F $O $a$K <!$$ $G=E MW $JEv $F$O $aLd Bj$" $j!" $3$l $rMx MQ$7 $? J*BN G’ <1%7 %9%F %‘$, $$$m $$$m ;n$_ $i$l $F $$$k [6, 27, 28] !# $5 $i$K J*BN 7A>u $,1_ $"$k $$$O 4{CN $N 7A>u $NBJ 1_ $G $"$k $3 $H$, $o $+$C$F $$ $l$P!" #1 2hA| $+ $i$= $N #3<! 85 0LCV $r 7W;; $9 $k$3 $H $b$G $- $k [16] !# $3 $N$? $a 2a 5n$K<o!9$N%3%K%C%/Ev$F$O$a<j K!$,Ds0F$5$l$?!#$3$l$K$O%O%UJQ49$K4p$E$/$b$N [4, 7, 31] !"$5$^$6$^ $J%Q%i%a!<%?2=$H:G>.Fs>hK!$H$NAH$_9g$o$; [2, 3, 19, 20, 24, 29] !"%(%C%86/EY$dG;C8CM$d$=$NB>$N>p Js$r H/8+ E*<jK! $HAH$_ 9g$o $;$k$b $N [1, 5, 22, 25, 28] $J$I$, $"$k ( $3$l $i$O J88% [26] $KAm 3g$5$l $F$$ $k ) !# $7 $+ $7!" Ev $F $O $a <j K! $N 9M 0F $9 $k :] $K 8m :9 $N E} 7W E* 5s F0 $, 9M N8 $5 $l $k $3 $H $O >/ $J $+$C $?!# Nc 30 $O P orril [23] $G $" $j!" 0l MM Ey J} $J @55, J, I[ $r 2> Dj $7!" %G!< %? E@ $r =g <! DI 2C $7 $F $O 2r $r ( %Y %$ %: ?d Dj$N 0U L# $G ) :GE, $K 99?7 $9 $k <jK! $r F3F~ $7!" $3 $l$r !V3H D%%+ %k %^ %s%U%# %k %?!W$H 8F $s $@!#0l J} Joseph [8] $H W erman $i [32] $O 8E E5 E* $J E} 7W 2r @O <j K! $r E, MQ $7 $F!" %G!< %? E@ ?t L5 8B Bg $N 6K 8B $K $* $1 $k Ev $F $O $a J} Dx<0$N3F78?t$NA26aE*5sF0$r2r@O$7$?!# $= $l $K BP $7 $F 6b C+ [13, 14] $O 3F <o $N 4v 2? 3X E* ?d Dj Ld Bj $r Cj >] 2= $7!" %G!< %? E@ ?t $r 8G Dj $7 $F Hy >. 8m :9 $KBP $9$k Bh#1 6a;w $K$h $k 2r@O $r9T $$!":G L‘?d Dj $K4p $/0l HLE* $J:G E,?d Dj $NM} O@$r Ds>’ $7$?!# $3 $NM} O@ $r%3 %K%C%/ Ev$F $O $a$K E,MQ $9 $k$H!" :GE, $JEv $F $O$a %3%K%C %/$, F@ $i$l $k$@ $1$G $J $/!"$= $N?. Mj @-$, Dj NL E* $K I> 2A $G $- $k!# $= $N 4p K\ 7A $O J8 8% [11] $K!" $h $j @v N} $5 $l $? <j K! $, J8 8% [17, 30] $K <( $5 $l $F $$ $k!# Leedan $i [18] $O 8m:9 $,Bg $-$$ >l9g $NHf 3S<B 83$b 9T$J $o$l!" $3$N J}K! $,M% =($G $"$k $3$H $r<( $7$F $$$k!# K\ O@ J8 $N L\ E* $O!" $3 $N :G E, %3 %K%C %/ Ev $F $O $a $N %" %k %4 %j %: %‘ $r %W %m %0 %i %‘ %Q%C %1!< %8 $H $7 $F Ds 6! $9 $k$3 $H$K $"$k!# $^ $:F~ =PNO $H?. Mj@- I> 2A$N I=8= K!!"$* $h $S%" %k%4 %j%: %‘$N 35 MW$r =R$Y!" %W%m %0 %i%‘ $N;EMM$r@bL@$7!":G8e$K<B9TNc$r<($7!"$3$N%W%m%0%i%‘$NFCD’$dCm0U;v9‘$r=R$Y$k!# 2. F~=PNO$NI=8=K! %3%K%C%/$O<!$NJ}Dx<0$GI=$5$l$k6J@~$N$3$H$G$"$k [12, 15] !# Ax 2 + 2 B xy + C y 2 + 2( D x + E y ) + F = 0 (1) 9TNs Q $H%Y%/%H%k x $r Q = 0 B B B @ A B D =f B C E =f D =f E =f F =f 2 1 C C C A ; x = 0 B B B @ x=f y =f 1 1 C C C A (2) $HDj5A$9$k$H<0 (1) $O<!$N$h$&$K=q$1$k!# ( x ; Qx ) = 0 (3) $?$@$7 ( a ; b ) $O%Y%/%H%k a , b $N Fb@Q$G$"$k!#<0 (2) Cf$N f $O x=f , y =f $r 1 $N%*!<%@$K$9$k$?$a $N%9 %1!< %k 0x ;R $G $" $k!# K\ %W %m %0 %i %‘ $G $O J? LL >e $K M? $( $i $l $? E@ Ns f ( x � ; y � ) g N � =1 $N 3F E@ $r %Y %/ %H %k x � 2

= ( x � =f ; y � =f ; 1) > $G I= $9 ( > $O E> CV ) !# Dj ?t f $O x � =f , y � =f , � = 1, ..., N $, $[ $\ � 1 $N HO 0O Fb $K <}$^ $k $h $&$K A* $V 1 !# =P NO $OEv $F $O$a $? %3 %K%C%/ $r ;XDj $9 $k 9TNs ^ Q $G$" $k!# $3 $l$K $O Dj?t G\ $N ITDj @- $, $" $k $N $G k ^ Q k = 1 $H @5 5, 2= $9 $k ( 9T Ns Q = ( Q ij ) $N %N %k %‘ $O k Q k = q P 3 i;j =1 Q ij 2 $H Dj 5A $9 $k ) !# 3. ?.Mj@-I>2A$NI=8=K! 3F E@ ( x � ; y � ) $K $O IT 3N Dj $5 $, $" $k $9 $k!# $= $N 6& J, ;6 9T Ns $r � � $H $9 $k $H!" %Y %/ %H %k I= <( x � $N 6& J,;69TNs$,<!$N$h$&$KDj5A$5$l$k ( 0 $ONm%Y%/%H%k ) !# V [ x � ] = 0 @ � � 0 0 > 0 1 A (4) 0J 2< $G$O 3F E@ $N 6& J,;6 9T Ns V [ x � ] $, Dj ?t G\$r =| $$ $F M? $($i $l $k $H $9$k!# $9 $J $o $A L$CN $N Dj ?t � ( %N %$ %:%l%Y%k $H8F$V ) $,B8:_$7$F!" V [ x � ] = � 2 V 0 [ x � ] (5) $H =q $1 $k $H $7!" V 0 [ x � ] ( @5 5, 2= 6& J, ;6 9T Ns $H 8F $V ) $r F~ NO $H $7 $F ;X Dj $9 $k!# $3 $l $O %G!< %? $N %N %$ %: 0M B8 @- $r ;X Dj $9 $k $b $N $G $" $j!" %N %$ %: $K FC $K J} 8~ @- $, $J $$ >l 9g $O %G %U%) %k %H CM $H $7 $F V 0 [ x � ] = diag (1 ; 1 ; 0) $H $9 $k (diag ( � � � ) $O � � � $r BP 3Q MW AG $H $9 $k BP 3Q 9T Ns ) !# K\ %W %m %0 %i %‘ $G $O E@ p $r $= $N 0L CV%Y %/%H %k x $H @55, 2=6&J, ;69T Ns V 0 [ x ] $H$r$b $D%* %V%8%’%/ %H$H $_$J$7!" $=$N %/%i%9 $r 2h A|0LCV $H8F $V!# $3 $N $h $& $J IT 3N Dj @- $r $b $D %G!< %? $K Ev $F $O $a $? %3 %K%C %/ $b IT 3N Dj @- $r ;} $D!# $3 $l $r I> 2A $9 $k $? $a $K!" %Q%i %a!<%? 6u4V $G :G$b 8m:9 $, @8$8 $d$9 $$J} 8~ $K@5 Ii$N I8=‘ JP :9$@ $1JP$C $?E@ $N I=$9 Fs$D $N %3%K%C %/ ( x ; Q (+) x ) = 0, ( x ; Q ( � ) x ) = 0 $r7W;;$9$k!#$3$l$r I8=‘JP0L $H8F$V [17, 30] !# 4. %W%m%0%i%‘$N35MW F~NO : 2hA|0LCV$NNs f p � g N � =1 ( N � 5) !# =PNO : 9TNs ^ Q !" Q (+) , Q ( � ) !# %"%k%4%j%:%‘ : 1. c = 0, W � = 1, � = 1, ..., N $HCV$/!# 2. <!$N$h$&$K%F%s%=%k M = ( M ij k l ), N = ( N ij k l ) $r7W;;$9$k!# M ij k l = 1 N N X � =1 W � x � ( i ) x � ( j ) x � ( k ) x � ( l ) (6) N ij k l = 1 N N X � =1 W � � V 0 [ x � ] ij x � ( k ) x � ( l ) + V 0 [ x � ] ik x � ( j ) x � ( l ) + V 0 [ x � ] il x � ( j ) x � ( k ) + V 0 [ x � ] j k x � ( i ) x � ( l ) + V 0 [ x � ] j l x � ( i ) x � ( k ) + V 0 [ x � ] k l x � ( i ) x � ( j ) � (7) 1 %G!<%? $,%+%a%i <B2hA|2h A|$+$iF@ $i$l!":BI8 $NC10L$, 2hAG$N >l9g$K$O f $H $7$F>GE@ 5wN% ( C10L $O2hAG ) !"$" $k$$$O $=$N6a ;wCM$rMQ$$$l$P$h$$ 3

3. <!$N%F%s%=%k$N 6 8D$N8GM-CM � 1 � � � � � � 6 $HBP1~$9$k%N%k%‘ 1 $N8GM-9TNs$N@55,D>8r7O f Q 1 , ..., Q 6 g $r7W;;$9$k!# ^ M = M � c N (8) 4. � 6 � 0 $G$J$1$l$P c , W � $r<!$N$h$&$K99?7$7$F%9%F%C%W 2 $XLa$k!# c c + � 6 ( Q 6 ; N Q 6 ) ; W � 1 4( x � ; Q 6 V 0 [ x � ] Q 6 x � ) (9) 5. Fs>h%N%$%:%l%Y%k$r<!$N$h$&$K?dDj$9$k!# ^ � 2 = c 1 � 5 = N (10) 6. <!$N7W;;$r9T$&!# Q (+) = N [ ^ Q + s ^ � 2 � 5 N Q 5 ] ; Q ( � ) = N [ ^ Q � s ^ � 2 � 5 N Q 5 ] (11) 7. 9TNs Q 6 $r ^ Q $H$7!" ^ Q , Q (+) , Q ( � ) $rJV$9!# 5. 5-9f$NMQ8l$N@bL@ A0 @a$N 5- =R$K MQ$$ $? 5-9f $HMQ 8l $r@b L@ $9$k!# <0 (6), (7) $K8= $o $l$k x � ( i ) $O %Y %/%H %k x � $N Bh i @. J,$G$"$j!" V 0 [ x � ] ij $O@55,2=6&J,;69TNs9TNs V 0 [ x � ] $N ( ij ) MWAG$G$"$k!# %F %s %=%k ^ M = ( ^ M ij k l ) $H 9T Ns Q = ( Q ij ) $N @Q ^ M Q $O ( ij ) MWAG $, P 3 k ;l =1 ^ M ij k l Q k l $N 9T Ns$G $" $k$HDj5A $9$k!#$3$N$H$-!"9TNs Q $,%F%s%= %k ^ M $N 8GM-CM � $N 8GM- 9TNs $G$"$k$H$O ^ M Q = � Q $H$J $k$3$H$G $"$k!#$3$N7W;; $K$O9TNs Q = ( Q ij ) $H%F%s %=%k ^ M = ( ^ M ij k l ) $r<!$N$h$&$J 6 <!85 %Y%/%H%k q $H 6 <!859TNs ^ M $H$_$J$9!# q = 0 B B B B B B B B B B B B @ Q 11 Q 22 Q 33 p 2 Q 23 p 2 Q 31 p 2 Q 12 1 C C C C C C C C C C C C A ; ^ M = 0 B B B B B B B B B B B B @ ^ M 1111 ^ M 1122 ^ M 1133 p 2 ^ M 1123 p 2 ^ M 1131 p 2 ^ M 1112 ^ M 2211 ^ M 2222 ^ M 2233 p 2 ^ M 2223 p 2 ^ M 2231 p 2 ^ M 2212 ^ M 3311 ^ M 3322 ^ M 3333 p 2 ^ M 3323 p 2 ^ M 3331 p 2 ^ M 3312 p 2 ^ M 2311 p 2 ^ M 2322 p 2 ^ M 2333 2 ^ M 2323 2 ^ M 2331 2 ^ M 2312 p 2 ^ M 3111 p 2 ^ M 3122 p 2 ^ M 3133 2 ^ M 3123 2 ^ M 3131 2 ^ M 3112 p 2 ^ M 1211 p 2 ^ M 1222 p 2 ^ M 1233 2 ^ M 1223 2 ^ M 1231 2 ^ M 1212 1 C C C C C C C C C C C C A (12) $3$N$H$- Q $, ^ M $N8GM-CM � $N8G M-9TNs$G$"$k $3$H ( ^ M Q = � Q ) $H!" q $, ^ M $N8GM-CM � $N8GM-%Y %/%H %k$G$"$k $3$H ( ^ M q = � q ) $H$,Ey 2A$K$J $k!#$^$?!" 9TNs Q $N%N%k%‘ k Q k $OCV $-49$( $?%Y%/ %H%k q $N%N%k%‘ k q k $K0lCW$9$k!# 4

<0 (9) $NBh 1 <0$N1&JU$NJ,Jl$K8=$o$l$k1i;; ( � ; � ) $O9TNs$NFb@Q$G$"$j!" A = ( A ij ), B = ( B ij ) $K BP$7 $F ( A ; B ) = P 3 i;j =1 A ij B ij $H Dj 5A$9 $k!# <0 (11) $K 8= $o$l $k 1i;; N [ � ] $O %N%k %‘ $r 1 $K $9 $k@5 5,2=:nMQAG$G$"$k ( N [ A ] = A = k A k ) !# 6. %W%m%0%i%‘$N;EMM 4 @a$N7W;;$KMQ$$$?5;K!$O $/$j$3 $_K! $H8F$P$l (8 @a ;2>H ) !"Bh#16a;w$K$*$$$F:GE,$G$"$k$3$H$,>Z L@ $5 $l $k [13, 14] !# $9 $J$o $A!" 9b <! $N 9‘ $r =| $$ $FB> $N $I $s $J J} K! $K $h$C $F$b $h $j $h $$ Ev $F $O $a$r F@ $k $3 $H$O IT2D G= $G$" $k!# $3$N %W%m %0 %i%‘ $O C++ $K$h $j =q$+ $l$F $* $j!"IU B0 %i%$ %V%i %j $H0l BN 2=$5 $l$F $$$k!#$=$N9=@.$O<!$N$h$&$K$J$C$F$$$k!# 1. %Y%/%H%k!&9TNs7W;;It 2. %F%s%=%k7W;;It 3. 4v2?3XE*E}7W7W;;It 1. $G $O <o!9 $N %Y %/ %H %k!& 9T Ns 1i ;; $r Dj 5A $7 $F $$ $k!# 4p K\ E* $J @~ 7A 7W ;; ( 5U 9T Ns!" 9T Ns <0!" O" N) #1 <! J} Dx <0!" 8G M- CM!& 8G M- %Y %/ %H %k!" Ey ) $K $O J8 8% [21] $N %W %m %0 %i %‘ $r ;H MQ $7 $F $$ $k!# 2. $O 1. $r <o!9 $N %F %s %= %k 1i ;; $K 3H D% $7 $? $b $N $G $" $k!# 3. $O 6& J, ;6 9T Ns $r $b$C $? 4v 2? 3X E* BP >] $H $= $N ?. Mj @- 7W ;; $r Dj 5A $9 $k$b $N$G $"$j!" 4 @a $N%W %m%0 %i%‘ $b$3 $3$K <}$a $i $l$F $$$k!# $=$7 $F!"$3 $l$i $rMQ $$ $F!"I8 =‘F~ NO$+ $i E@ Ns %G!< %? $r FI $_ 9~ $_!" 2h A| 0L CV %* %V %8%’ %/ %H $K JQ 49 $7 ( @5 5, 2= 6& J, ;6 9T Ns $O %G %U%) %k %H CM $r MQ $$ $k ) !" 9TNs ^ Q , Q (+) , Q ( � ) $r 7W ;;$7!" I8 =‘=P NO$K =P NO$9 $k %W%m %0 %i%‘ $r JLES Ds 6!$7 $F $$$k!# $3 $l$i $O http://www.ail.cs.gunma-u.ac.jp/Labo/research.html $KCV$+$l$F$$$k!# 7. <B9TNc ?^ 1(a) $OBJ1_ ( GK@~ ) x 2 50 2 + y 2 100 2 = 1 (13) $N Bh 1 >]8B $N It J, $K Ey4V 3V $K 60 E@ $H$C$? $b $N $G $" $k!#?^ 1(b) $O 3F :B I8CM $N FH N) $K 4|BT CM 0 !" I8 =‘ JP :9 0.5 $NMp?t8m:9$r2C$($?$b$N$KEv$F$O$a$?%3%K%C%/ ^ Q ( <B@~ ) $H$=$NI8=‘JP0L Q (+) , Q ( � ) ( GK@~ ) $r I= <($7 $?$b $N $G$" $k!#?^ 2(a) $O Mp?t 8m:9 $r $$$m $$$m JQ $($F $"$F $O$a $? %3%K%C %/ 10 Nc$r =E$M $FI= <( $7 $? $b$N $G $" $k ( GK@~ $O ?? $N7A >u ) !# ?^ 1 $NI8 =‘ JP 0L$, 8m :9 $K$h $k $: $l$N 2D G=@- $r Dj NLE* $K $h $/I= 8= $7 $F $$ $k $3 $H $, $o $+ $k!# ?^ 2(b) $O Hf 3S $N $? $a $K :G >. Fs >h K! $G Ev $F $O $a $? 7k 2L $r <( $7 $F $$ $k!# :G >. Fs >h K! $H$O N X � =1 ( x � ; Qx � ) 2 ! min (14) $K $h$C $F Q $r Dj $a $k $b$N $G $" $k!# :8JU $O Q $N #2<! 7A <0 $G $"$k $+ $i!" $3 $l$r :G >. 2= $9$k $K $O :G >.8G M- CM $KBP $9$k 8GM- 9TNs $r7W ;; $9$l $P$h $$!#$3 $N7W ;; $NC1 =c$5 $N$? $a$K $3$N :G >.Fs >hK! $O9- $/MQ $$ $i$l!" Be ?t E* 5w N% :G >. 2= K! $H $b 8F $P $l $F $$ $k!# $7 $+ $7!" ?^ 2(b) $+ $i $o $+ $k $h $& $K!" E@ Ns $, %3 %K%C %/ $N 0l It J, $K JP :_ $9 $k $H Ev $F $O $a $? %3 %K%C %/ $K E} 7W E* $J JP :9 $, @8 $8 $k [17, 30] !# $= $N M} M3 $N 0l $D $O %Y %/ %H %k x � , x 0 � $N @. J, $, <M 1F 4v 2? 3X $K $* $1 $k F1 <! :B I8 $G $"$C $F!" $= $l $i $N Bh 3 @. J, $O Dj 5A $K $h $j >o $K 1 $G $" $k$K$b$+$+$o$i$:!":G>.Fs>hK!$G$O%G!<%?$bDj?t$bF1Ey$K07$C$F$$$k$+$i$G$"$k!# $3 $NNc $N K\%W %m %0%i %‘ $K$h $k Ev$F $O $a$N <B 9T;~ 4V $O UNIX %o!< %/ %9%F!< %7%g %s (Sun Ultra-1) >e $G J? 6Q 5 : 59 x 10 � 2 IC (CPU time) $G $" $j!" F1 $8 Ld Bj $K :G >. Fs >h K! $r MQ $$ $? >l 9g $N Ls 17.5 G\ $G $" $k 5

(a) (b) ?^ 1: (a) BJ1_>e$NE@Ns!# (b) Ev$F$O$a$?%3%K%C%/$H$=$NI8=‘JP0L!# (a) (b) ?^ 2: 8m:9$rJQ$($?$H$-$NEv$F$O$a$NNc!# (a) :GE,?dDj!# (b) :G>.Fs>hK!!# ( <B2hA| $KBP$9$k E,MQNc$O J88% [17, 30] ;2>H ) !# ?^ 1(a) $G $O%G!<%?$, BJ1_>e$K JP:_$7$F$$ $k$?$a:G E,?d Dj $H:G >.Fs >hK! $H $N:9 $,Bg $-$$ $,!"%G!< %? $NJ, I[$, BJ1_ >e $G0l MM$K $J$k $K$D $l $F:9 $O>/ $J$/ $J $k!#$= $N $h$& $J>l 9g$O :G>. Fs>h K!$r MQ $$$l $P@: EY$r Mn$H $5$: $K7W ;;$, 8z N(2= $5$l $k!#$3 $l$O <B;~ 4V=h M} $K$O M- Mx$G $"$k!# $7$+ $7!" $=$N $?$a $K$O!" 9M$( $F $$$k >u67 $G $" $i $+$8 $a:G E,?d Dj$H :G >.Fs >hK! $NN> J} $rHf 3S $7$F 7k2L $K:9 $,$J $$ $3 $H$r 3N G’$7 $J$l $P$J $i$J $$!#$3 $N$h $&$K :G E,?d Dj$O <B9T ;~4V $G$O ITMx $G $b$= $N$h$&$J%Y%s%A%^!<%/$H$7$F$N0U5A$,Bg$-$$!# Cm0U$9$Y$-$3$H$O!"Fs$D$NJ}K!$G7W;;$7$? ^ Q 1 , ^ Q 2 $KBP$7$FC1$K k ^ Q 1 � ^ Q 2 k $,>.$5$$$+$i$H$$$C $F 0B?4 $G$- $J$$ $3$H $G$" $k!#$J $< $J$i 2hA| >e$G $OBP 1~$9 $k %3%K%C %/ ( x ; ^ Q 1 x ) = 0, ( x ; ^ Q 2 x ) = 0 $O 6J@~$H $7$F$OHs >o$K0[$J $k$3$H$, B?$$$+$i $"$k!#<B:]!" ?^ 2 $NHf3S$K $*$$$F$b 7W;;$7$? 9TNs ^ Q <+BN $O :9$,Hs>o$K>.$5$$!# 8. 4XO"$9$k;v9‘ 2r K! $N 86 M} $O J8 8% [17, 30] $K =R $Y $i $l $F $$ $k $,!" 4p K\ E* $K $O :G L‘ ?d Dj $G $" $k [13] !# $3 $l $O 7A <0 E* $K$O9TNs Q $r4^$‘=E$_ W � ( Q )( <0 (9) $NBh 2 <0;2>H ) $r$b$D:G>.Fs>hK! N X � =1 W � ( Q )( x � ; Qx � ) 2 ! min (15) $H$_$J$;$k!#:8 JU$ODj?tG\$HDj?t9‘$r =|$$$F!"%3%K%C%/ Q $N$b$H$K%G!<%? f x � g $,4QB, $5$l$kL‘EY$N 6

BP ?t$N Id9f $r49 $($? $b$N $K Ey$7 $$!#FC $K8m :9$, Ey J}$+ $D0l MM$N >l9g $O%G!< %? $N$" $k$Y $-0L CV$+ $i $N5w N%$NFs>hOB$KEy$7$$!# <0 (15) $h$j!" W � ( Q ) $,Dj?t9TNs$G$"$l$P2r Q $O%F%s%=%k M = 1 N N X � =1 W � ( Q ) x � x � x � x � (16) ( <0 (6) ;2>H ) $N :G>. 8GM- CM$K BP $9$k 8GM- 9TNs $G$" $k ( $O%F %s%= %k@Q $r I=$9 ) !# $3$l $r W � ( Q ) $H ;D$j $N It J, $r 8r 8_ $K H? I| 7W ;; $7 $? $N $G $O 2r $K E} 7W E* $J JP :9 $, @8 $8 $k [11, 14] !# $7 $+ $7!" 8m :9 $, $J $$ $H $- M $N :G >. 8G M- CM $, 0 $G $" $k $3 $H $+ $i!" Kh 2s $N H? I| $G M $N :G >. 8G M- CM $r 0 $K 6a IU $1 $k Jd @5 $r 9T $( $P @: EY $N M} O@ 8B 3& [13] $r C# @. $9 $k @: EY $N 2r $, F@ $i $l $k [14] !# $3 $l $, $/ $j $3 $_ K! $H 8F $P $l $k <j K! $G $" $k [10, 12] !# J88% [17, 30] $G$O8GM- CM$N@]F0 $r#2<!$N 9‘$^$GE83+ $7$FJd@5 $9$k \ #2<!$N$/ $j$3$_K! " $,<( $5$l$F $$ $k!# K\ %W %m %0 %i %‘ $G $O %G %U%) %k %H $H $7 $F #1 <! $N 9‘ $^ $G $N E8 3+ $r MQ $$ $k \ #1 <! $N $/ $j $3 $_ K! " $r :N MQ $7 $F$$ $k$, ( <0 (9) $N Bh 2 <0 ;2 >H ) !"%* %W%7%g %s $H$7 $F #2<! $N$/ $j $3$_ K!$b ;X Dj$G $-$k!# #2 <!$N $/ $j$3 $_ K! $r MQ$$ $k $H <} B+ $^ $G $NH? I| 2s ?t $, 8: >/ $9$k ( #1 <! $G J? 6Q 4, 5 2s $, #2 <! $G$O J? 6Q 2, 3 2s ) !# $7 $+ $7 0l 2s$N H?I| $N7W ;;NL $,A} $( $k$N $G!"A4 BN$N 7W;; ;~ 4V$O $d$d A}2C $9$k!# $^$? :G =*E* $J@: EY$b M-8z ?t ;z$N HO0OFb$G$[$\:9$,$J$$!# $3 $N $/ $j $3 $_ K! $O 6K $a $F %m %P %9 %H $G $" $j!" Aj Ev Bg $- $$ 8m :9 $r M? $( $F $b B. $d $+ $K <} B+ $9 $k!# $7 $+ $7!" Nc $( $P BJ 1_ >e $N E@ Ns $G $b!" $= $l $, ?^ 1(a) $N $h $& $K BJ 1_ $N 0l It $K JP :_ $7 $F $$ $k >l 9g!" 8m :9 $, Bg $- $/ $J$k $HF@ $i$l $k$b $N$O BJ 1_$H $O8B $i$:!" J|J* @~ $dAP 6J@~ $,Ev $F$O $^$k $3 $H$, $"$k!# 8m:9 $,Bg $- $$$[ $I!"$^$?E@Ns$,JP:_$9$k$[$I$=$N3d9g$,A}2C$9$k!#9TNs Q $K det Q > 0 $J$i � 1 $r3]$1$F det Q < 0 $H$7$F$*$/$H!"$3$NH=Dj$O<!$N$h$&$K9T$($k [9] !# � Q 11 Q 22 � Q 2 12 < 0 $N$H$-AP6J@~!# � Q 11 Q 22 � Q 2 12 = 0 $N$H$-J|J*@~!# � Q 11 Q 22 � Q 2 12 > 0 $N$H$- { Q 11 + Q 22 > 0 $J$iBJ1_!" { $=$l0J30$OB‘2= ( FsD>@~!"0lD>@~!"0lE@!"$^$?$O6u=89g ) !# 9. $^$H$a K\ O@ J8 $G $O J? LL >e $K M? $( $i $l $? E@ Ns $K :G E, $K %3 %K%C %/ $rEv $F $O $a $k $H $H $K $b Ev $F $O $a $N ?. Mj @- I> 2A $rM? $($k %W%m %0 %i%‘ %Q%C%1!< %8 $r5- =R$7 $?!#$= $N 86M} $O:G L‘?d Dj $r$/ $j$3 $_K! $K $h$C$F 7W;; $9 $k$b $N $G$" $j!"J8 8% [17, 30] $K<( $5 $l$F $$$k!# $^ $:F~ =PNO $H ?.Mj @-I> 2A $NI= 8=K!!" $* $h$S %"%k %4 %j%: %‘$N 35 MW$r =R$Y!" %W%m %0 %i%‘ $N;E MM $r@b L@$7!" <B9T Nc $r<( $7!"%W %m%0 %i %‘$N FCD’ $dCm 0U ;v9‘ $r=R $Y $?!#K\ %W %m%0 %i%‘ $O 6K$a $F 8zN( E*!"9b @: EY!"$+ $D %m%P %9%H $G $"$j!" %3 %s%T%e!< %?%S %8%g %s$N MM!9 $J1~ MQ$K 9- $/MxMQ$5$l$k$3$H$,4|BT$5$l$k!# ;29MJ88% [1] A. Albano, \Represen tation of digitized contours in terms of conic arcs and straight-line segmen ts," Comput. Gr aphics Image Pr o c ess. , 3 -1, 23{33 (1974). [2] F. L. Bo okstein, \Fitting conic sections to scattered data," Comput. Gr aphics Image Pr o c ess. , 9 -1, 56{71 (1979). 7

[3] D. B. Co op er and N. Y alabik, \On the computational cost of appro ximating and recognizing noise- p erturb ed straigh t lines and quadratic arcs in the plane," IEEE T r ans. Comp. , 25 -10, 1020{1032 (1976). [4] E. R. Da vies, \Finding ellipses using the generalised Hough transform," Patt. R e c o g. L ett. , 9 , 87{96 (1989). [5] T. Ellis, A. Abb o ot and B. Brillault, \Ellipse detection and matching with uncertain t y ," Image Vision Comput. , 10 -5, 271{276 (1992). [6] D. F orsyth, J. L. Mundy , A. Zisserman, C. Co elho, A. Heller and C. Roth w ell, \In v arian t descriptors for 3-D ob ject recognition and p ose," IEEE T r ans. Patt. Anal. Mach. Intel l. , 13 -10, 971{991 (1991). [7] C. L. Huang, \Elliptical feature extraction via an improv e Hough transform," Patt. R e c o g. L ett. , 10 -2, 93{100 (1989). [8] S. H. Joseph, \Un biased least squares �tting of circular arcs," CV GIP: Gr aphic al Mo dels Image Pr o c ess. , 56 -5, 424{432 (1994). [9] K. Kanatani, Ge ometric Computation for Machine Vision , Oxford Universit y Press, Oxford, 1993. [10] 6bC+7r0l , %3%s%T%e!<%?%S%8%g%s$N$?$a$N$/$j$3$_K! , >pJs=hM}3X2qO@J8;o , 35 -2, 201{209 (1994). [11] K. Kanatani, \Statistical bias of conic �tting and renormalization," IEEE T r ans. Patt. Anal. Mach. Intel l. , 16 -3, 320{326 (1994). [12] 6bC+7r0l , !V6u4V%G!<%?$N?tM} | #3<!85%3%s%T%e!<%F%#%s%0$K8~$1$F | !W , D+AR=qE9 , 1995. [13] 6bC+7r0l , \ Ev$F$O$aLdBj$N:GE,?dDj$H@:EY$NM}O@8B3& ," >pJs=hM}3X2qO@J8;o , 36 -8, 1865{1873 (1995). [14] K. Kanatani, Statistic al Optimization for Ge ometric Computation: The ory and Pr actic e , Elsevier Science, Amsterdam, 1996. [15] 6bC+7r0l , !V7A>u#C#A#D$H?^7A$N?t3X!W , 6&N)=PHG , 1998. [16] K. Kanatani and W. Liu, \3-D interpretation of conics and orthogonalit y ," CVGIP: Image Under- standing , 58 -3, 286{301 (1993). [17] Y. Kanaza w a and K. Kanatani, \Optimal conic �tting and reliability ev aluation," IEICE T r ans. Inf. & Syst. , E79-D -9, 1323{1328 (1996). [18] Y. Leedan and P . Meer, \Estimation with bilinear constraints in computer vision," Pr o c. 6th IEEE Int. Conf. Computer Vision , January 1998, Bom ba y , India, pp. 733-738. [19] T. Nagata, H. T am ura and K. Ishibashi, \Detection of an ellipse b y use of a recursiv e least-squares estimator," J. R ob otics Systems , 2 , 163{177 (1985). [20] Y. Nak aga w a and A. Rosenfeld, \A note on p olygonal and elliptical approximation of mec hanical parts," Patt. R e c o g. L ett. , 40 -2, 79{94 (1979). [21] 1|B<@2I’ , !V C 8@8l$K$h$k:G?7%"%k%4%j%:%‘<-E5!W , 5;=QI>O@<R , 1991. [22] K. A. Paton, \Conic sections in chromosome analysis," Patt. R e c o g. , 2 -1, 39{51 (1970). [23] J. Porrill, \Fitting ellipses and predicting con�dence env elop es using a bias corrected Kalman �lter," Image Vision Comput. , 8 -1, 37{41 (1990). [24] P . L. Rosin, \A note on the least squares �tting of ellipses," Patt. R e c o g. L ett. , 14 -10, 799{808 (1993). [25] P . L. Rosin, \Ellipse �tting by accum ulating �v e-p oin t �ts," Patt. R e c o g. L ett. , 14 , 661{669 (1993). [26] P . L. Rosin and G. A. W. W est, \Nonparametric segmen tation of curves in to v arious representations," IEEE T r ans. Patt. A nal. Mach. Intel l. , 17 -12, 1140{1153 (1995). [27] C. A. Rothw ell, A. Zisserman, C. I. Marinos, D. A. F orsyth and J.L. Mundy , \Relativ e motion and p ose from arbitrary plane curv es," Image Vision Comput. , 10 -4, 250{262. 1992. [28] S. Safaee-Rad, I. Tc houk ano v, B. Benhabib, and K. C. Smith, \Accurate parameter estimation of quadratic curv es from grey-level images," CV GIP: Image Understanding , 54 -2, 259{274 (1991). [29] P . D. Sampson, \Fitting conic sections to \very scattered" data: An iterativ e re�nemen t of the Bo okstein algorithm," Comput. Gr aphics Image Pr o c ess. , 18 -1, 97{108 (1982). [30] 1v Bt ?N , 6b Bt Lw , 6b C+ 7r 0l , %3 %K%C %/ Ev $F $O $a $N ?. Mj @- I> 2A , >p Js =h M} 3X 2q %3 %s %T%e!< %? %S %8%g %s 8& 5f 2q , 95-CV-96-7, 49{56, 1995. [31] S. Tsuji and F. Matsumoto, \Detection of ellipses by a mo di�ed Hough transform," IEEE T r ans. Comp. , 27 -8, 777{781 (1978). [32] M. W erman and Z. Geyzel, \Fitting a second degree curve in the presence of error," IEEE T r ans. Patt. Anal. Mach. Intel l. , 17 -2, 207{211 (1989). 8