gooooooood
IPSJ SIG Technical Report

oooobboooobobbtoooobobbiod

oboooobooon

gooooooooooOoOoOObOOOO0OO00oOoOooooooooooDobOObOboO
gdooooooooooobooOoooooooboooooooOooOOoboboOobooooo
0000000000000 000000000000000D000000 KCRO
gooooooooooOobooOoooooooooooooooboboOoOoooonoo
gobo0oo0o0ooo0o0ooooooooOooooooooo0oOoooooooooon
00oobooooO0ooO0ob00obO0b000000b000000 FNSOOOOOooooo
ooooobooOoOoO0ooOo0oO0oOO0oO00bOOO0OO00bOOOO0O0bOO0O0bDOOO
goooooooooOoOoboOo0o0o0o00ooooooooooooOoOobbb0o0o
go0o0o0oooooooooOooobo0o00o0ooooooooooooboboobo0ooo
go0o0o0oo0oooooOO0oO0o0000o0oo0oo0oo0oooooooooooboob0o0o0o
oooooo

Optimization Techniques for Geometric Estimation:
Beyond Minimization

KENIcHI KAaNATANT T2

We summarize techniques for optimal geometric estimation from noisy obser-
vations for computer vision applications. We first discuss the interpretation of
optimality and point out that geometric estimation is different from the stan-
dard statistical estimation. We also describe our noise modeling and a theoreti-
cal accuracy limit called the KCR lower bound. Then, we formulate estimation
techniques based on minimization of given cost functions: least squares, max-
imum likelihood, which includes reprojection error minimization as a special
case, and Sampson error minimization. We describe bundle adjustment and
the scheme of FNS for numerically solving them and the hyperaccurate correc-
tion that improves the accuracy of maximum likelihood. Next, we formulate
estimsation techniques not based on minimization of any cost function: iter-
ative reweight, renormalization, and hyper-renormalization. Finally, we show
numerical examples to demonstrate that hyper-renormalization has higher ac-
curacy than maximum likelihood, which has widely been regarded as the most
accurate method of all. We conclude that hyper-renormalization is robust to
noise and currently is the best method.
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2.2 000000
goboboooooooooooooooboooooooboooooooooboooooo
0000000 0060000000000000D0O0O00OOOO

F(x;0) =0 (1)

0000000000D0000000 (geometric constraint) 0000000000000
000 zo,a=1,..,NOOOOOOOOODOOOOOOOOOO

F(za;0)~0, a=1,...,N (2)
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(Xa:Ya), Ko %) "

Xa+Ya)

(b) (c)
01 (a)0000D0000() 00000000(c)00000000

o00el000O00OO0OU0DODOOOUDOOODOOODOODOOOOOOOOOOOOO
ooooenOOO0ODOOOOOOOOOOOODOOOOOOOOOOOOODOOODOOOO
0000000000000 0U0UO0F(x;0)0 0000000 0UDOOOOOO 200
0000000000 0oU00o0oO0oUO0o0O00DOU00 (HYoooooooo

(£(x),0) =0 (3)

000 ¢(z)0 2 000000000000000000000000000000 a,b
0000 (e,b) 00000 (3)0000000000 ¢000000D000000000
000000060 |¢|=100000000000000

0010 0000000000000000 (ay9a), @ =1, .., NOOO

Az +By+C=0 (4)
00000000 1(a)00ooog

&(z,y) = (9, 1),
gdobooobobOoobobobbooobobooo

(é(z,y),0) =0 (6)

6= (A B,C)" (5)

0020 0000000000000000 (20,%a),a=1,..,NOOO
Az’ +2Bay + Cy> +2(Dz + Ey) + F =0 (7)
o0ooooooo 1(byoooooo

E(z,y) = (2°, 22y, y°, 22, 2y, 1) T, 0=(A,B,C D EF)" (8)

000000000000000000000
(&(z,9),0) =0 9)

o030l obobboooobboooobbbbooobobbbuoUu 20bbboOoOooOon
10000 (z,y) 0020000 (¢,y)00000000000000O0OOOOOOO
(epipolar equation)l:l[l[l[llo)’21>|]

x x’
My |.F|ly |])=0 (10)
1 1

O000OFO0O0O000O00000D0000O00000000000000000000
00 200000000000 (fundamental matrix) 000002V 00000000
00000000000000000000000003000000000000000
00 1(c)0000000

£y, 2, y) = (@', 2y, z,y2 gy y, 2y D) (11)
0 = (F11, Fi2, Fi3, Fa1, Faa, Fas, Fai1, Fag, F33)T (12)

000000000000000000000000
(&(z,y,2",y),0) =0 (13)

000000000D0000000D0000000000000000000000000
0000000000000 0000000000000000000000000000
000000000000000000000000000

0ooooo (5),(8), (1) 0000000000000 10000000000z, y0O
<,y 00000000000000000000000000000000000000
0000000000000000000000000000000000000000
0000D00000g,y,¢,y00(1)00000000000%Y00000000000
0000000000000000000000000000000000000000

0000000 ¢, 000 2 00 (3)00000000000000000000000
00000000000000000000000000000000000000000
000000000000000000000000000000000000 (outlier)d
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dodddddooooooooooooo (inlier)DDDDDDDDDDDDDDDDDD
doooooooobobboboooooooooooooooooooooooooono
000Do00D0o0oo00oo0ood0oo0ooooooooouooD e0DO0ODOOODODO
00000D0Do0oo0oo0oo0dooooooo e0DO0U0D0DOODDOO0OOOOO
OU00000000000O0oooo (veting) DOOOOOOOOO RANSAC (Random
Sampling Consensus) 00000000 (least median of squares; LMedS) 00 0O OO
000000000 000O0000000000 (robust estimation) 100000000
0000000000000 0000 MOOO (M-estimator) 0000000000 OO
goooooboooboobooboobooboobDooboooboooboobooboooo
gooboooobooboboooooooo

2.3 0JOOOOOOO

goooo “coo0”0bdbOdbD0d00 “boobooooroooobobooooo
0000000000000 o0obOo0obOoooOoobooDooooobDobooobOooo
goo0oooooooooooobOooobOoobo0oDb0obDD 2, 00000 2,00
000000000 V[z)0DOODOO Az, 0000000000000 O0 «0000O
0000000000000000 Viz.OODOOOOODOOOOODOOODOOOOO
0o0o0boOoono sO0Q0Qoo

V(za] = 0" Volza] (14)

O0o00oUoOWwz.)0000000000OO0ODO0OUOOODOOOOODOOOOUDO
ooooO0o0ooooooO0O0000oODO00000000b0O0000000000b0 60
cO0000 W] UDOOODODODOUOOODOOOUDDOUOOODODOUDOOOOODOUDUDOO
000000000 (noiseleve)DO0O0000 Wx,]0OOOOODOOO (normalized
covariance matrix) 0 0 00O
000000 2, 00000000000000D0000 &xo)D0ODOO00O00E€E, 00
0000000000000000000 V[E,]=0*V[¢,]0000000000000
0000 W, ]00 1000000000 ¢(»)000000 9¢/000000O0O0ODOO
oooooog
vl = | vofea) | (19

81‘ T=T (9 T=T ¢

00000 2, 000000000000000000 2, 00000000000000
0000000000000 0oUoo0oo0ooooooon W, Joooooooo
01000000000000200000000000000000000000000
oooooo

000z, 000000000000000O000O0O0OO00O0O0 ¢, 00000000
ooo0ooOoooooobooOoooboooobo0ooOoOooooboooOo0O0oOoOoOoonon
Oob0O0ooo0o0oo0o0ooO0booOooO0oobo0ooOo0oooo0oooOobo0oooO0boon
oooooo

24 000000000000

000000000000 (geometric estimation) 0000000000000 0OOO
000000000000000000000000000000000020 (statistical
estimation) 000 0000000000000000OO00O00O0O00OO0OOOOO
Oo0o0obooOo0oO0ooOoOoO0oooOoOoOoOoobooOon

0ooo0o000000000o00n @, ...,ey 00000000 60000000 p(x|0)
Oo00ooo0o0ooOo00oO00boO0o0ooO000eO0O0OO0OOOODOOOOOODOOOOOO
p(x|0) 0000000 (statisitcal model) 00000000 @4, ..,y 00000000
0000000000000000e00O00O0O0O0DOOODOOOOOOODOODOOOO
000000000000000000000O000O0O0000000C0O00GOO000O0
000000000000 0000000000NOOOODODOOOODOO0O0OO000O
N —-o0o000000000O0OCOOOO0O0O0OOOOOO0O0DOODOOO0OO0O0ODBOOO
0oo000o

00000 O0oooooood J(z,...en;0)0000006000000000000

(maximum likelihood estimation) 0 O 00O
N
J== logp(zal0) (16)
a=1

0000000000000000 (likelihood) [T, p(za|9) 0000000000
000000000000000000000000000 (negative log-likelihood)
00000000000000000 600000 (a priori probability) p(6) 00 O
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ag
J =~ logp(zal6) ~logp(6) (17)

0000000000000000 (maximum a posteriori probability; MAP) O O

00000000000 (Bayes theorem) 0000000000 (a posteriori proba-

bility) 000000 6000000000000 000DO00OD (Bayesian estimation)

0oooooooooooooboooDOo 000000 0OOODODOOODOODODOO

000000000000 (Bayestisk) 000000000000000D00O0OOO
0000000 O0bOoooooopopoOooOooooooecnDOoDnO

g(x1,...,zn;0) =0 (18)

oboobooboboooooon (estimatingequation)EIEID7)EIEIEI gunoonoog

(estimating function) 0000000 gO0OO
N

g=-> Vologp(za|0) (19)

a=1

oooooOoOoOooOOoOO0OVeO 000000 OOOOOOODODODDOOOODODOO
obooooboobooboooo0oOooooboOooooOooOOoOooO gbObOOOOOOD
gooobooooooboobooooobooobooooobooOooobOoboboooOoo
000000000000 (unbiasedness)d 0 OO (consistency)0 0 O O (efficiency)
ooooooooooooooboooooooooboooboooooobooooDoboo
gobooooooboooobooooon
25 O000000O0OOCOODOOO
gobooobooooooooboooooooboooooooobooboooooooDbobOoo
000000000 (1)0000 3)Uoooooo0oooooUooooUooooDoo
0000000000000 (geometric model) 0000000000000 0OOOO
goboooboobodboobbooobooboboooboobu z,O0ODOODO
000o0oo000oooo0ooooo0dde, 000000 @0O0OO0O00DOOOOODDOO
goboodoooogoo
goboooboooooobooooobooooooooobooooooooooooooa
goodoboboobooooobooboboodoboooboOooOoooooboboOobOoOooOoon

00000D0000000000 “0070000 {@, .., zxy}00000000000
00000D0000D0000000000000000000000 0000000
00¢—0000000000000000000000D0000000D0000 N
—co00000000000000000000000000000D000000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
0000000000000000000
000000000000000000000000000000000
000000000 00000000000000 e000000000000000
000000000000000000
00000000000 00000000000 e0000000000000000
000000000000000000000000000000000000000
000000000000000000000000000000000000000
000000000000000000000000000000000000000
000000000000000000000000000000000000000
0000000000000000000000000
2.6 KCROD
00000000000D0000000000D0000000000000000000
00000000000D000000000000000 ¢,000¢,00000000
000000 (6,,0)=000000000000¢&,,..,£,000000000000
06000 9O0DD0D0DD {3, 00000006({¢,}3_,)000000000
000000 (estimator) 1000000000 AQOODOODDOOD 6 =6+A8
0000000000 60000000

V[0] = E[AOAD ] (20)

00D00O000000E[-]000000000000000 {¢,}Y.,000000000

000000

e 0¢,00000¢,00000000000 V[¢,]=0W¢,]000000000
0000 00000000000

e 0({¢,}Y_)00D000 (unbiased estimator) 10000000000 #0000
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0 E@=6000000
000000000000000000Y19:16.200
2 N z T _
A o 1 £.€
Vo 5 (LY o) 2
-5 (v L @i 21
O00D0DA>-BOA-BOOOOOOOOOOOOOOOOOOO ()~ 000000
0000000000 Chernov 0% O KCR (Kanatani-Cramer-Rao) 0 0 (KCR. lower
bound) 0000 OODOD (21)000000 (£,,0)=0000000000000000
00D0O000D0D0OOOo?293n4ng

3. 0O0OoOOooooo

0000000000000 000000000000000000000000000
afsfalulslufals

3.1 00000

000000 é&,0 (6,,0)=0000000000000000000 ¢,0000

1 — )
7= 5 2 (60 (22)

000000 6000000000000 DNN0ONN0ONDN0OD ||f=100000
oooooYN (£..6)%//6)1?°0000000000000000 (22)00000000
oooo

N N N
_1 2_ 1 Te ¢Tp 1 Ty
J = Nz_:l(ﬁme) = Nz_:lo £a£ao_(o,Nz_;§aga 9) = (6, M9) (23)
= = o=

ooooo MOoOOoOoOo 2|][II][II][II]I:IDDDDDEE/IDDDDDDDDDDDDDD
00000060 MOOOOOOOOOOO0OO0D0OO0O0O0D0O0O0OYO
O00000000000000000000000 (least square) 00000000
(22) 00000 (algebraic distance) 0000000000000 0O0O0O0O0DOOO0ODOO
O (algebraic distance minimization) 0000000000000 000O00OOOO0OO
0000000000000 00000000D000000000 (statistical bias) O O
O0o00000O000000000 200000000000000000O000000G0000

gobooooooobobooooooobobooooOoooboboobboOoooooOoooboOoOon22

gogobdooobbooobbooobbooobboobbboobbuooobboooo
3.2 O0OOO

0000 ¢, 00000000 0000000 Viza] =0*Veolee 0000000000
O0000000000000000 (Mahalanobis distance) O

S e Do = gl (o - 20) <8

0000000000 CeM/2° popnooco r,060000000000000.0
00000000000000 (maximum likelihood estimation) 00 (24) 00000

(€(@a),6) = 0 (25)

00000000000000000000000000 (homogeneous)d o 0000000
0000 (isotropic)] 0000000000000 Volee] =I000000000000
0000000 (24) 0

N

_1 .

J‘OVE [z — Zall (26)
a=1

000000000 (2)0o0oUoUo0ooUoOoooooUooooooooooo
00000000 (geometric distance minimization)D 00 0000000000000
(total least square; TLS) 0000000 0*000 2., 00000 3000000000
0000000z, 0000000000O00O00OO0OO (26)000000 (reprojection
error) 100000000 (25)00000000000000000000 (reprojection
error minimization) 0000000

0000000000000 0000000D NOODDOOO 2,00 (&(x),0) =00
000000000000 00O00OU0OU0n (0 200000000 0ODUDUODO
0000000000000 00000000000000D000O0OO0O0D (24900
oooooobooooboooo

0000000000000000000000000000000000000 (Gold
Standard)DDDDDDDDlO)DDDDDDDDDDDDDDDDDDDDDDDDDD

1 000000000000 #, 0 20000 24 = (Ta,¥e) 0000 200 2, 000000000000
(1/N) SN (e —5,)? 000000000000 @, 00000000000000000000000

00O0OoDO0 (partial least square; PLS) 00 O000DO
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(Xa - %, Vi Xa ] {(Xa- Xq)) = constant

J E(x),8)=0
02 20000 z,0000 (£(z),8) =00000000

) x.y) x"y’)

03 DO0000D0000000000 300000

000000000000000000 (250000 2, 00000000000000
(25)0 z, 0000000 OO0OOUO0DOO0ODDOOD (24 000000DDOODODOO
JddobODOO0o00booObO0o0o0oooObOoOo0oobOD 20000 1000 2000 3000
0 (25)DEQDDDDDDDDDDDDDD

3.3 DOoOooo

0 (24)00 (25)00000000000000D0O0O0O0OO0O0O0 2, 00000000
000 (auxiliary variable) X, O00000Z, O

Zo=Za(Xa,0) (27)
0000000000000000000 (24900000
N
N o 1 _ —1 _
J({Xa}0o1,0) = D (@0 — Za(Xa,0), Volza] ' (#a0 — 2o (X0, 0))) (28)
=1

o
0{X,}), 600000000000000000000
000000000000 3000000000 30000000 z,0000000

a000000000000000%a = (Ta, Yo, T, Yn, - Ta,ye) 000000000
00 e000000D0DO0D0OO0DO0D0O0O0O0OOODN (extrinsic parameters)d O
000000 (focal length) 0000 (principal point) 0000000000 (intrinsic
parameters) 00 000000000000000000030000 Xa = (Xa,Ya,Za)
00000000000 2 000 2,0 X, 000 24(X,,8) 0000000000 3
0000 X,0600000000000000000000000000000000
0000000000000000000000 2, 0000000000000000
0{X.}),,600000000000000000000000000000 (bundle
adjustment) 00 0039394990 Web 0000000000000 0000000
000000000 3N+(#000)000000000000000000000000
000000000000 000 (photogrammetry) 000000000000 (bundle)
0000000000000000000000

00000000000 3000000000000000 100000000000 20
D0000000000000000000000000000000 (arc length) 00
O0000000000000000000000000000000000000000
000000000000000000 200000000 (argument) 00000000
00000000000000000%000000000000000000%0
000000000000000000000000000 (Gauss-Newton) 00000
(gradient method) 00000000000 0000000 (Levenberg-Marquardt) 0 1842
0000000000000 0000000000000000000000000000
00000000000000000000000949000000000000000
JOOOO00O00000000000000000000000000000000000
000000000000000000000000000000 (branch and bound) O
00200000000 000000000000000000000

3.4 000000000O000OO0O0O00

0 (28)00000000 X,00000000000 X,000000 2,00000
00000000000000000000000000024000000000000
000000000 NOOOON -oc0000000000000000000000
00000000000000000000000000000000000000000
0000000000 X, 0O0OO0UOOUOOD (nuisance parameter) 0000000
0000000000000 0ULUODOOOOO (structural parameter) 00 00
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(& - Ea s V({Ea] _I(Eu' Eg)) = constant

(¢€.9)=0

04 ¢0000¢, 0000 (¢,0)=00000000

0000 (parameter of interest) 0000000000000 DOOO0O0O0OO0O0OOO
O00O0O0N -»co00000000000000 NeymanD3 0000000000
0000000000 (Neyman-Scott problem) 000000002500 00000000
000000000000 N -00o0000000000000000D00000000
00000000000000000000000000000000000000000
00D0D00000D0000O00N -co000000000000000 X,00000
ODONDOODDOODOOODOOODODOO0D0O00000000000000000000
0000000000000000000000000000 (semiparametric model) O
0D0000Y?00katani 0% 0 30000000000000000000

3.5 0000000000000 000
000D0000000000000000000000000000000000000
000000000000000002300000000000000 2,000000
O00000000000000000000 ¢, =¢£(x,)00000000000000
00000000D000000000000000000000000000000000
000000000000000000000

0000000000 ¢, 00000000 (1500000000000 V[E,]=02VolE,]
00000000000 00D00000D00000 ¢0000000000000000¢
0DoooOoooooDo

= L3 B Vol (6~ E) (29)

Doooo
(£.,0)=0 (30)

0o0oo0000o0o00o0o00o00n 0o NOOODODO ¢, 00 (6,0)=00
0000 “000”00000000000000 (04)0DU0OODDODOO0OODO €00
00000000000000000000000000UDO000D0OUOODOO (30)0
¢, 0000 “00”00000000000000000000000000000 (29)
gooooooooobooooo

(31)

3.4DDDDDDDDDDDDDDDDDDDDDDDDDDDDEIDEID(31)DEIDD
DDDDDDDDDDDDSamps0n44)EIEIDDDDDDDDDEID(Sampsonerror)l]
oooooo'o

3.6 0O00OO0O0OO0OOOOCO

0 @3y)oooooooooobo0oooennUoobOOo0oObOOODbOOO0ODOOOoDO
0000000 Chojnacki 0% 000 FNSO (Fundamental Numerical Scheme) 0 0 0 O
00000ooOoo0ooooo

(1) Wa=1l,a=1,..,N,0p=00000

(2) D000 M,LO0OOOOO

N N
M= S wae gl Z 2(80,£,)"VolE) (32)
(3) 0OoOOC
(M —L)0 = 70 (33)

0000000000 AOOO0OO0ODO0O0D0O00ADOOO0DO* O
(4) 000000 6~6,00600000000000000D00O0O0DNOODO0O
0000 (2)0000
1

o= G 0 (34)

+100000000000000000000000000000000000000000000000000
000D0000O00O0Ooooooooooo?®g
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00000o0000o000o00Uo0oO0o0UoO0O0UD (32)000 M, LO0OD0O0O0OOOO
gooo
T

N N
]
M= — o
Nz_:evo[a]) ZOVO (3%)
0 3)00Do0oUoU0ooeO0ULOODOOUDOUD M, LODOOO
Vo =2(M — L)0 (36)

000000000000 0000000000000000000 (33)0000 A0 0
000000000000000000000000000000 60 VeJ=00000
000 (31) 000000000 FNSOOOO Leedan 03 0 Matei 03 0O HEIV 00
Kanatani0?® 0000000000000 O000000O0O0O00O000O0O0000O0OW,
=10000000000000¢“0007 0000000000 (22)000000 3.10
000000000000000000000000 (€6,,)=000000000000
000000000O00O0Ooooon3470

3.7 00000000000
0(31)0000000000350000000000000000¢,0000000
00000000000000000000 (24)000000000000000000
000000000 0000000 0000000 (31)0000000000 (24) 0
00000000000000000000000000000000000000000
000000 DOoOooDoo?8hg

(1) J;=0co000000000&, = ®a, 8o =0, =1, .., NOODODO

(2) DOOOODOOO0 VWE,]OOOOOO0O0O 2,0 4,00000000000
(3) O0O¢,000000
0¢

& —t.+ o5| = (31)
(4) 00D0DO0OO0OO0OOOOO (modified Sampson error) 00000 000000
N
E: _(&5,6)° (38)
(0, Vo€,10)

(5) jm@aDDDDDDDDDDD
-

g0 — Lo O)Vbl@a] O Fo — To — o (39)
(6, Vo[£, )0) 5.t
(6) J°00D00000000O0O00
N
=+ D@, Volal) (40)

000 J*~Jo00O000000000000D0000 Jo«J*000000
O0O (2)0000
0 (38) 000000000000 (31)0000000000000000000OOFNS
O0000000000000O0O00HEIVOODOOOOOO0O0O00O000000000
00000000000000000O0O0O0O0O0000000000 4, 5000000
00000000000000 00000000 4,5000000000000000
0000000000000 000000000000N00D00N0N00No0nooong
0000000000000 D00000D0O000
3.8 00000000000
0000000000000 0DD000000000D0D000000000DO0000
00000000000000 O(e®)00000000000000000000000
0D0000000000000000000000000000000000000
000000000 ooo0ood (hyperaccurate correction) 0000000 OOO
Dlg)’20>|]
(1) 0D00D0OeUUDOUDOO (35)0U00 MOUOOUDOODOUOD s*20000
0000000000 0000060000000

= w
(2) ODooOOooOOoOooOOOOOOO
&2 N
A = Mn IZW €a,0)€q+ 35 Moy Y Wil€a, My O[E,I0)E,
- (42)
O000Oe,000000O0O000O0CO0O0O0OOOOOOOM,_,0MO00O0

n—1000000000000000CO000 oc0000O0O00O0OO0CO00000
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