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ABSTRACT

The values of the parameters describing the
shape and motion of an object in a scene are deter-
mined from projected images by solving a set of
equations relating observed image characteristics
to the object parameters. The equations are usually
non-linear and are difficult to solve analytically.
In these equations, the coordinate system-taken on
the image plane plays only an auxiliary role, since
there exists no coordinate system inherent to the
image and any coordinate system can be used equiva-
lently. In this paper, observed image characte-
ristics are shown to be rearranged into invariants
vith respect to coordinate rotations. Writing the
equations of 3D recovery in terms of these in-
variants makes clear the geometrical meaning of the
described relationships, and often analytical solu-
tions emerge themselves. This is illustrated for
the analysis of optical flow and the shape-from-
texture problem for curved surfaces.

1. INTRODUCTION

One of the objectives of image understanding and
computer vision is to reconstruct the 3D shape and
motion of an object in a scene from its 2D projec-
tion on the image plane. In general terms, the pro-
blem is stated as follows.

Suppose an object model is assumed, which is
specified by a finite number of parameters ay, ...,
op . For example, if the object is a planar surface,
they may be the coordinates of one point on the
surface and the two gradient components. If the ob-
Jject is in motion, they may include the translation
velocity and the rotation velocity. Let us call
these parameters object parameters.

Given a projection of the object, we measure
some characteristics of the observed image. Let
C{» ...» Ca be the data obtained from the measure-
ment. Let us call them the image characteristics.
They may reflect the gray-levels of the image, the
texture of the object surface, the object contour
image, the intensity of light reflectance or shad-
ing, the optical flow if the object is in motion,
etc. Our objective is to compute or estimate the
object parameters a;, ..., o, from the observed
image characteristics ¢;, ..., cp. The problem is
often referred to as "shape from ...  depending on
the source of the image characteristics, e.g.,
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"shape from texture”, “shape from shading”, “shape
from motion”, etc.

If a parameterized object model is assumed and a
camera model is known, the image characteristics to
be observed can be predicted from the geometry of
perspective projection in terms of the object para-
meters, say
i=1,... a.1)
vhich we call the 3D recovery equations. Then, what
remains 1is to solve them and determine the unknown
object parameters qa, .» 0 in terms of the ob-
served image characteristics ¢i, ..., Ca.

Ci=Fi (alyo--:an)t y R,

Unfortunately, in most cases, the 3D recovery
equations are non-linear and are difficult to solve
analytically. In the following, we show a way to
find analytical solutions, although this may not be
always successful. A basic principle is to exploit
the fact that the 3D recovery equations have some
geometrical structure reflecting the geometry of
perspective projection. Although there exists no
systematic way to solve "arbitrarily given" non-
linear equations, we may be able to solve those
vhich have some internal structure.

A way to exploit the underlying geometrical
structure is to focus on the inuariant properties
of the object parameters and the image characte-
ristics. For example, note that the coordinate sys-
tem taken on the image plane plays only an auxili-
ary role, since there exists no coordinate system
inherent to the image and any coordinate system can
be used equivalently. If the 3D recovery equations
are expressed in terms of inuariants, in many cases
the solutions emerge themselves.

The merit of using invariants is not simply lim-
ited to obtaining analytical solutions. As will be
shown, the geometrical structure of the problem and
the geometrical meaning of involved parameters
become very clear if they are expressed in terms of
invariants. This will be illustrated in examples of
optical flow analysis and the shape-from-texture
problem.

2. COORDINATE ROTATION AND REPRESENTATIONS

Suppose a set of image characteristics ¢y, ...,
cy Characterizing a given image is measured in ref-



erence to a given Cartesian xy-coordinate system
vhose origin coincides with the camera optical axis
orientation. Since the image itself does not have
any inherent coordinate system, the orientation of
the x- or y-axis is completely arbitrary. Hence, we
may as well use another x'y’-coordinate system ob-
tained by rotating the original xy-coordinate sys-
tem by angle 0 counterclockvise.

Let ¢;’, ..., ca’ be new image characteristics
obtained by the same measurement but in reference
to the new x'y -coordinate system. In many cases,
the new values ¢;°» ..., Ca' are related to the
original values c¢i, ..., ¢y lirearly in the form

c’ Ci

= T(6) ) @.1)

.

Ca

or briefly ¢’ = T(0)c.

Ca

It is immediately seen that the coefficient
matrix T(0) defines a representation of the two di-
mensional rotation group S0(2). In other words, the
correspondence from a rotation of the coordinate
system by angle 0 to matrix T() defines a homo-
morphism from the 2D rotation group SO0(2) into the
group of matrices. This is easily shown as follows.
Consider another x°y"-coordinate system obtained by
rotating the x'y’'-coordinate system by angle 6’
counterclockwise. Then, we obtain ¢* = T(8')c’, and
hence ¢ = T(0' )T(@)c. On the other hand, the x"y -
coordinate system is obtained by rotating the xy-
coordinate system by angle 6 + 0, and hence we
have ¢° = T(6°+0)c. As a result, ve conclude that
T(6')T(@) = T(@'+0). Thus, a composition of rota-
tions corresponds to matrix multiplications, and
hence T(0) defines a homomorphism from rotations
into matrices.

Since image characteristics are obtained by par-
ticular measurement methods, each of them does not
necessarily have a definite meaning. Hence, there
exist infinitely many ways of choosing equivalent
parameters. For example, instead of using para-
meters c; and ¢z, vwe can equivalently use new para-
meters C; =c¢; + c2 and C2 = ¢; - c2. The two sets
of parameters (c; , ¢2} » {Ci,» C2} describe one
and the same property of the image

Suppose we use new image characteristics
Ci, ..., C, obtained by taking linear combinations
of ¢{s ..., Ca.' Consider the transformation of new
parameters C;, ..., Ca due to coordinate rotation
by angle 8. Suppose it takes the form

(4 I C

: * I 0o :

(ol b __ C
Cia' |~ [ Cii @.2)

: (] | * :

G’ ' G
for any 0. Then, the two sets of image characte-
ristiecs {¢;, ..., C} » {Cwt» ..., G} are
transformed independently from one another: there
exists no mutual coupling. Consequently, we may

conclude that these two sets describe different
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properties of the image.

This process of decoupling is called the reduc-
tion of the representation: the representation T@)
is reduced to the direct sum of two representa-
tions. If a representation can be reduced, the re-
presentation is said to be reducible. In the above
case, we may be able to apply the same process of
reduction to each of the two sets {C;, ..., Ci}
and {Ciey» ...» Cal » then to each of the resulting
sets, and so on until no further reduction is poss-
ible. Then, we may end up with the form

(CC) ko 1S ]
. T .
|

1 = |

|
+ -
v - 2.3)

. <

. -+ - .
Lc.'_ - bxdl e
Then, ve say that the representation is reduced to
the direct sum of irreducible representations. If a
representation can be reduced to the direct sum of
irreducible representations, the representation is

said to be fully reducible (cf. Hammermesh',
Kanatani® ).
If a representation is irreducible, the para-

meters cannot be separated into independently
transforming subsets, no matter what linear combi-
nations are taken. Hence, it is natural to think
that such a set of parameters describes a single
property of the image, whereas a set defining a
reducible representation describes two or more
different properties simultaneously. In this way,
the vague notion of ‘separating into individual
properties™ can be given a rigorous mathematical
definition as irreducible reduction of a represen-
tation with respect to some transformation group.
This viewpoint was presented by Hermann Weyl, vwho
asserted that a set of measurement data or obserua-
bles can be regarded as describing a single physi-
cal property only if it corresponds to an irreduci-
ble representation of a transformation group which
does not change the meaning of the phenomenon.'®-16
From this viewpoint, he described quantum mechanics
in terms of group representation theory.'® Let us
tentatively call this viewpoint Weyl's thesis.

3. INVARIANTS AND WEIGHTS

It is known that for coordinate rotations all
representations are fully reducible and all irre-
ducible representations are one-dimensional. In
other words, given image characteristics ¢, ...,
¢, vhich define a representation, we can always ob-
tain, by taking appropriate linear combinations, a
nev set of parameters C;, ..., C such that each is

* We assume that the original image characteristics
Cisy ...» Cy are real numbers. However, we allow
the coefficients of these linear combinations to
be complex numbers, so that the new image
g};aracteristics Ci» ..., G may be complex num-

rs.



transformed separately: C;' =T; (0)C;, i =1, ...,
m. Since a representation is a homomorphism from
rotations, the coefficient T;(@) must satisfy
T;(0°)T;(0) = T;(0'+0). Since a rotation by 2r is
the same as no rotation, T; (@) must be a periodic
function in 0: T;(0) =1, T;(0+2r) = T;(@). Since
T;(9) must be a continuous function, it must have
the form e~ for some integer n, where i is the
imaginary unit.

Let us call the integer n-the weight of the
irreducible representation.* We call an image
characteristic of weight O an absolute inuariant
and that of nonzero weight a relative invariant of
weight n. We also call absolute and relative in-
variants simply inwariants.

In sum, any representation (2.1) defined by
image characteristics ¢;, ..., Ca is reduced by
taking appropriate linear combinations

C cy
= P 3.1)
G Ca
to the direct sum of one-dimensional irreducible
representations of the form
(4 o]
= P T®©) P!
G’ G
e—imo cl
= . . . 3.2)
e || G

In other words, a single fixed non-singular
matrix P, vhich does not depend on @, can diagona-
lize. the matrix T(6) for all values of O simulta-
neously. The reason why this is possible is, as is
well known, that the two-dimensional rotation group
80(2) is compact, hence fully reducible, and also
Abelian, hence decomposable into one-dimensional
irreducible representations due to Schur's lemma
(cf. Hammermesh', Kanatani®).

Since each of the invariants defines an irreduc-
ible representation, it describes, according to
Weyl's thesis, a single particular property of the
image.

4. SCALARS, VECTORS AND TENSORS

If an image characteristic c does not change its

* We adopt the convention of putting e*® to define
the veight instead of putting e . This is
because we consider rotations of the ‘coordinate
system®. If wve consider rotations of “images-
relative to a fixed coordinate system, it is more
convenient to put e to define the weight.
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value if the coordinate system is rotated, i.e.,

c'=c, “.1)
it is called a scalar (vith respect to coordinate
rotation). Eqn (4.1) trivially defines a represen-
tation, the identity representation. Hence, a sca-
lar is an absolute invariant.

A set of two image characteristics a, b is
called a vector (with respect to coordinate
rotation), if it is transformed under coordinate
rotation of angle 6 counterclockwise by

cosf sin8

[3]’ ~sinf cos0 ][g]

This equation defines a faithful representation of
S0(2), which is called the vector representation.

4.2)

This representation is not irreducible; if we
take linear combinations a+ib, a-ib, we obtain

(SR " o LR

aib 4.3)

Thus, z = a + 1ib, z* = a - ib are relative in-
variants of weight 1 and - 1 respectively:

z'=e 0z, z* =i, 4.4)

A set of image characteristics A, B, C, D is

called a tensor (of rank 2) with respect to coordi-
nate rotation, if it is transformed by .rotation of
angle 0 counterclockwise in the form

L& 5]

ol Ilesll
- (o))

This equation is a linear mapping from A, B, C, D
onto A°, B', C', D', vhich is called the tensor re-

presentation. If we pick out the matrix components,
eqn (4.5) is rearranged into the form

cos@ —sind
sin@ cosO |-

cos@® sin0

—sin@ cosf 4.5

A’ cos?6 cosBsinf

B' |_| —cosBsind  cos?0

C' |7| -cosbsind -—sinfe

b’ sin’@  -cosOsind
cosfsin®  sin’® A
—-sin®@  cosOsind B 4.6)
cos20 cosfsinf C :
—cosfsin®  cos?6 b

This representation is not irreducible. First,

note that the matrix of A, B, C, D is uniquely

decomposed into its symmetric part and
antisymmetric (or skewsymnetlric) part:
AB ] =[ A B+C)/2 ]
CD B+C)/2 D
0 -(C-B)/2
[ e €] .7

It can be easily checked that this decomposition is
tnuariant with respect to coordinate rotation.
Namely, the symmetric and antisymmetric parts are
transformed independently as tensors. (This is true
of tensors of any dimensionality.) Hence, C - B in



the antisymmetric part is an absolute invariant.

The symmetric part is further decomposegi into
its scalar part (multiple of the unit matrix) and

deviator part (symmetric matrix of trace 0)
uniquely:
[ A (B+C)/‘2]
@8+C)y2 D
A+D[ 1 0 (A-D)/2 (B+C)/2
A0+ Gove -apyels  @®

Again, it can be easily checked that this decompo-
sition is invariant; the two parts are- t.ransformgd
independently. (Again, this is true of symmetric
tensors of any dimensionality.) Hence, (A+B)/2 of
the scalar part must be an absolute invariant. From
the deviator part, we can construct relative in-
variants (A-B) + 1(B+C), (A-D) - i(B+#C), whose
veights are 2 and - 2 respectively.*

From the above consideration, eqn (4.5) is rear-
ranged into the following form:
B A'+B’

B -C'
(A'-D" +i(B'+C")
L @A-D')-i(B'+C")
[ 1 A+B
B-C
e2i8 (A-D)+i (B+C)
L 0 | L (a-D)-i(B:C)

In other wvords, if we define nev image characte-
ristics by

4.9

T=A+D, R=B-C, S=(A-D)+i(B+C), (4.10)
then T and R are absolute invariants and S is a
relative invariant of weight 2:

T'=T, R’ =R, S’ =e2i%g, 4.11)
Since they define irreducible representations, each
of them should describe, according to Weyl's the-

sis, a single particular property of the image.

In the above, we derived irreducible representa-
tions by decomposing a tensor according to its sym-
metry and trace. According to a theorem due to
Weyl, this is true of tensor representation of any
dimension and rank, and all irreducible representa-
tions of any tensor representation can be obtained
systematically.'®

5. STRUCTURE AND MOTION FROM OPTICAL FLOW

Suppose we take an ryz-coordinate system in the
scene and regard the ry-plane as the image plane,
choosing (0, O, -f), the point on the z-axis at
distance f from the image plane on the negative
side, as the ‘viewpoint® or “camera focus® (Fig.
1). Let us assume a simple camera model of perspec-

x If the original image characteristics are real,
it can be shown that relative invariants alvays
appear as complex conjugate pairs having weights
of opposite signs.
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2 (wy,wo,ws)

)
z=pz+qy+7 |-

Fig. 1 A plane having equation z = pxr + QU + r is
moving with translational velocity (a, b, ¢)
at (0, 0, r) and rotation velocity (w;, w2,
w3) around it. An optical flov is induced on
the xy-plane by perspective projection, (0,
0, -f) being the viewpoint.

tive projection; a point in the scene is projected
to the intersection between the image plane and the
ray connecting the point and the viewpoint. Then,
point (X, Y, Z) in the scene is projected to point
(x, y) on the image plane, where

x=fX/ (f+Z), y=fY/(J+Z). 6.1

Orthographic projection is obtained simply by tak-
ing the limit of f — oo

Suppose a planar surface is mcving in the scene,
and let z = pr + qu + r be its equation. The pair
of p, q designates the "gradient” of the plane, and
r the distance of the plane from the image plane
along the z-axis, which we call the absolute depth.
An instantaneous rigid motion is specified by the
velocity (a, b, ¢) at a ‘reference point” (the
translation velocity) and the rotation velocity
(@), &2, w3) around it, 17~.__u.t.h_(g§ » Gg, W3) as
the rotation axis and m|2+a)22+co3 (rad/sec) as
the angular velocity screwwise around it. W¥e
choose, as the reference point, (0, 0, r), the int-
ersection of the z-axis with the surface (Fig. 1).
Thus, the object parameters to be determined are p,
qg. r,a, b, c, o, w2, 03.

If t.he motion is as described above, the optical
flow = u(x, ¥), ¥y = v(x, y) induced on the image
plane is given as follows (Appendix A):

u(x,y)=up+Ax+By+ (Ex+Fy)zx,
v(x,y)=v+Cr+Dy+ (Ex+Fy)y. 5.2)
The eight coefficients uw, w, A, B, C, D, E, F,

vhich are the image characteristics in this case,
are given as follows (Appendix A). :

= a =

U -t—f+r. vo-&fﬂ,.

=pup— B2 =quz—w3—32
A=paz="Frs B=quz—w3—3
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Fig. 2 (a) Translation by (u. w). (b)

Divergence by 7. (c) Rotation by R. (d) Shearing with Q; and @ as

the axes of maximum extension and maximum compression. (e) Fanning along (E, F).

C=-pu1+ wa--}% , D=-qu *g;%? ,
.1 1
=3+ B2, =pe+dD). 63

Suppose the image characteristics up, w, A, B,
C, D, E, F are measured from the observed optical
flov, say by fitting eqns (5.2) to the flow by the
least square method. (Kanatani®3 , and Kanatani and
Chou!® proposed methods to determine them by meas-
uring features of the image at each frame without
using the optical flow or the knowledge of the
point-to-point correspandence.) Then, eqns (5.3)
are regarded as the 3D recovery equations for the
unknown object parameters p, q, r, a, b, ¢, 0, w2,
w3. This problem was analyzed and given analytical
solutions by bonguet-Higgins.“ Subbarao and
Waxman,'® and Kanatani.® In the following we follow
Kanatani .®

Applying coordinate rotations to eqns (5.2), we
can easily see that uy, w and E, F are transformed
as vectors vwhile A, B, C, D are transformed as a
tensor (Appendix B). Hence, we obtain invariants
T=A+D,

Up=up+ivg, R=C-B,

S=(A-D)+1 (B+C), K=E+iF. ®.4)
vhere T, R are absolute invariants, Uy, K are rela-
tive invariants of weight 1, and S is a relative

invariant of weight 2.

Since these invariants define irreducible repre-
sentations, each of them should have a distinct
meaning according to Weyl's thesis. In fact, Up re-
preésents translation, T divergence, R rotation, S
shearing, and K what we <call fanning (or
foreshortening) of the optical flow as shown in
Fig. 2 (Kanatani®),

Similarly, we can construct invariant parameters
from the object parameters. It is immediately seen
that the gradient components p, q, the translation
velocities a, b and the rotation velocities w;, wp
are transformed as vectors, while r, ¢, w3 are sca-
lars (cf. Kanatani® ). Hence, we can define the fol-
loving relative invariants of weight 1:.

V=a+ib, W=u+iwz.

P=p+iq, (5.5)
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‘respectively,

In terms of these invariants, the 3D recovery

equations (5.3) are revritten as

=L}—"uo, PW"*= (2u3-R)~i 2" +T),
PW'=iS, c'P-il’=L, 5.6)
wvhere we put ¢ = c/(f+r), W = W - ilp/f and L

= fK - Uy/f. Suppose we know that ¢ & 0 (Appendix
C). Then, the solution is given as follows
(Appendix D).

THEOREM 1. The cubic equation
x3+1x2+l4<1*2— ISI12-1L12)X

+—}3(Re (LZS) -TILI%)=0 (6.7)

has three real roots. Let ¢’ be the middle one.
Then, the object parameters are given by

v=-%ru°. c=(f+r)c’, P=%(Li«/L2*4C'S)'
W=12.(l.¥a/LE—4c’S)+%Uo,

m%m: In (L*VI?—4c'S) .

(Re and Im denote the real and the imaginary part,
and * designates the complex
conjugate,) Thus, (i) the absolute depth r is in-
determinate, (ii) a/(f+r), b/{f+r), c/(f+r) are
uniquely determined, and (iii) two sets of solu-
tions exist for p, q, @, w2, ws3.

5.8)

Various related considerations including the
"adjacency condition” to check if two planes belong
to the same object as well as numerical examples
are found in Kanatani.

Note that the weight of the product of two in-
variants is the sum of their weights, and taking
the complex conjugate alters the sign of the
wveight. In equations expressed in term of in-
variants like eqns (6.6) - (5.7), only terms of the
same weight can be added or subtracted. This ena-
bles us to check equations very easily and some-
times guess the final form of the solution. This is
one of the great advantages of expressing equations



in term of invariants.

If we take the limit of f — < in eqns (5.3),
ve obtain the following orthographic approximation:

w=a, uvp=b,

A=pwz, B=qup—w3, C=—pwi+w3, D=-quy, 5.9)
In terms of invariants, these 3D recovery equations
are revritten as

U0=V| PW'=2€03" (R+1T)’

Pi=iS. (5.10)

The first equation gives V. The rest of the equa-
tions yields the following analytical solution
(Appendix E):

THEOREM 2.

03=12 (R+A/SS-T2),
Wekexpi (5 +Larg (§)-Jare @os- R+iT))),

P=§expi (ﬁ—%arg(SH%arg @ug- R+iT))), (5.11)

vhere k is an indeterminate parameter. For each k,
there exist two solutions of p, q, @1, w2, @3.

Other considerations and applications including
the adjacency condition are given by Kanatani 3 Es-
sentially the same problem was also solved by Sugi-
hara and Sugie.'* Since they did not use in-
variants, they were unable to obtain analytical
solutions and presented only numerical algorithms.
Yet, thus computed solutions contain still physi-
cally impossible ones, and their algorithms alone
cannot reject them. No such solutions exist in our
analytical solutions.

If ve put f© — o but retain terms of O0(f).
equations for E, F in eans (5.3) are replaced by
E=w/f, F=-w\/f, 5.12)
respectively. Kanatani called this approximation
the pseudo-orthographic az:tpro:timation.6 Under this
approximation, the last of eqns (5.6) is replaced
by K = - il/f. Then, the analytical solution is
readily oftained as follows:

THEOREM 3.
v=f—}ruo. P=S/L, W=ifK,

w31 ReIm (Se%) ), c=BLT-Re (se%%)).  (5.12)
Thus, (i) the absolute depth r is indeterminate,
(ii) a/{f+r), b/ (f+r), c/(f+r) are uniquely deter-
mined, and (iii) p, q, @, @2, w3 are uniquely
determined. In particular, no spurious solution ex-
ists.

2z

n=(ny,ng,n3)

(zy)
(z+dzy) (zy+dy) ¥
(z +dz,y+dy)

Fig. 3 Under orthographic projection along the
z-axis, the area of the region on the sur-
face which corresponds to the infinitesimal
square on the zxy-plane defined by four
points (z, y), (x +dx, y), (x + dr, y +
dy), (z, y + dy) is dxdy/cosy. where 7 is
the angle made by the unit normal mn to the
surface and the z-axis.

The geometrical meaning of this solution is
discussed by Kanatani .6

If the object is a curved surface,
optical flow has the form

the induced

u(x, y)=ug+tAx+By+Ex2+2F xy+Cl+ . . .

v(x, y)=vo+Cr+Dy+Ka2+2Lxy+My?+ . . ., (5.13)
where denotes higher order terms in x, ¥
(Subbarao.!? In this case, we obtain the following
invariants (Kanatani®):

T=A+Dv

Uo=up+ivp, R=C-B,

S=(A-D)+i (B+C), H=(E+2L-G)+i (M+2F-K),
I=(E-21.+3G)+1 M-2F+3K),

J=(E-2L-G)-1 (M-2F-K). (5.13)
Here, T and R are absolute invariants, Up, H and I
are relative invariants of weight 1, S is a rela-

tive invariants of veight 2, and J is a relative
jnvariants of weight 3. Analytical solutions for
the shape and motion of a quadric surface can be

expressed in term of these invariants (Subbarao‘o ).

6. SHAPE FROM TEXTURE FOR CURVED SURFACES

Suppose a textured surface z = z(x, y) is ortho-
graphically projected onto the ry-plane along the
z-axis (Fig. 3). Assume that the texture is homo-
geneous. (For a precise definition, see Kanatani
and Chow? . ) Suppose ve can measure the texture den-
sity I(x, y) of the projected image, say by count-
ing the number of texture elements per unit area.
(Again, for the exact procedure, see Kanatani and



Chou.? ) From Fig. 3, we obtain the relationship

r(x,v)=pn (8z/8x)%+(8z/3y)*+1 ,

®.1)

vhere p is the “true texture density” of the sur-
face.

Assume, for simplicity, that the surface is qua-
dric:

z=r+pr+quar?+2bry+cy?. 6.2)

Hence, p, q, r, a, b, ¢ plus the true texture den-

sity p are the object parameters. From eqns (6.1)
and (6.2), we obtain

T(x,y)=Aow/ 1+A1T+A2y+A32%+ 244 Ty+As 12 , (6.3)
vhere
= -4 (ap+b -4 bp+c
_4{c?+b? 4b (a+c) 4(b%+c?)
As-'l{;z:‘z) ’ 1+p°+q¢ 1+p°+qf ©.4)

By fitting the form of eqn (6.3) to the observed
I'(x,y), we can estimate the parameters A;, i =
0, ..., 5. (Kanatani and Chou used an indirect
method without measuring the texture density.?)
Hence, they become the image characteristics in
this case. Qur task is to recover the object para-
meters p, p, q, r, a, b, ¢ from the image characte-
ristics A;, i =0, ..., 5. To do this, given the
values of the image characteristics A;, 1 =0, ...,
5, we solve eqns (6.4) for unknowns p, p, q, r, a,
b, c. Hence, eqns (6.4) are the 3D recovery equa-
tions.

From the form of eqn (6.3), we can immediately
see that Ap is transformed as a scalar, that Ay, A
are transformed as a vector, and that Az, A4, A¢»
As are transformed as a tensor (cf. Kanatani®).
Hence, we can define the following invariants:

Ay+iA2 Az+As _A3-As A4

V ek 1'8, S—Tﬂf.
l.{ere,. T is an absolute invariant, V is a relative
invariant of weight 1, and 8 is a relative in-

Yariant. of weight 2. (49 is itself an absolute
invariant.)

6.5)

Similarly, consider the object parameters. From
eqn (6.2), we can conclude that r is transformed as
a scalar, that p, q are transformed as a vector and
a b, b, c are transformed as a tensor (cf.
Kanatani® ). Hence, we can define the following in-
variants:

k=n/1+p2+q?, v=Pti4  j-@Cc __a-c .b
p = t o STop tih
H?re. _k and t are absolute invariants, v is a rela-
tive invariant of weight 1, and s is a relative in-

variant of weight 2. (p is itself an absolute
invariant.)

a_c 6.8)

In.terms of these invariants, the 3D recovery
equations (3.4) are now rewritten as
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pk=Ag, tursu*=V,  t24ss*sT, ts=S ,
where pé k, v, t, s are unknowns. If we assume t =
0 and ¢ - ss* = O, the solution is given as fol-

lows (Appendix F).

6.7)

THEOREM 4.
t=i Tiﬂ i -S‘J' s=_§
A 2 ' at’
tV-svV* 1 _Ap
U‘m, k l—w‘ » —k . (6.8)
Hence, the original object parameters p, p, q, a,

b, ¢ are given as follows:
p=Ao/k,
a=k (t+Re (s] ),

p=kRe (v) , q=kIm (V) ,

b=kIm (s), c=k(t-Re(s) ). (6.9)

Suppose the surface is not a plane, i.e., para-
meters a, b, c are not zero at the same time. In
the above, we assumed ¢ & 0. It can be shown that
t = 0 occurs if the two principal curwvatures of the
surface have the same magnitude, in which case we
cannot tell whether the surface is elliptic (i.e.,
the Gaussian curwature is positive) or hyperbolic
(i.e., the Gaussian curvature is negative).

We also assumed 2 - ss* = 0. It can be shown
that if t? - ss* = 0, or equivalently ac - b% =0,
the Hessian of the surface is zero (and hence the
Gaussian curvature is also zero), and the surface
is parabolic. In this case, only the ratio p:q is
determined, indicating the asymptotic direction or
the "ridge" of the surface.

Theorem 4 indicates existence of four solutions.
This is an essential characteristic of orthographic
projection. Firstly, the the projected image is not
affected if we take the mirror image of the surface
with respect to a ‘“mirror’ perpendicular to the
z-axis. Hence, the four solutions consist of two
pairs of mirror images. The remaining ambiguity oc-
curs because the texture density only tells about
the angle of surface inclination (or the slant) but
nothing about the orientation of inclination (or
the tilt).

7. CONCLUDING REMARKS

The emphasis in this paper is the importance of
choosing good object parameters and image characte-
ristics. Taking examples from optical flow analysis
and “shape from texture®’, we have demonstrated that
a good choice of parameters makes the 3D recovery
equations very simple and enables one to obtain
analytical solutions,

Our reasoning of choosing parameters is given by
group representation theory. We note that the image
plane does not have an inherent coordinate system
and that one coordinate system and another one ob-
tained by rotating it are equivalent. From this



consideration, we constructed invariants which
define irreducible representations of the two-
dimensional rotation group SO@). The use of in-
variants not only makes the 3D recovery equations
very simple, enabling us to obtain analytical solu-
tions easily, but-also makes the geometrical mean-
ing of the equations very clear, since those in-
variants correspond to particular properties
(Weyl's thesis).

In applying Weyl's thesis, "the group of trans-
formations which do not essentially change the
meaning of the problem” is not limited to the two-
dimensional rotation group S0(@) of coordinate
rotations. For instance, if the camera is rotated
around the center of its lens, the geometry of the
rays observed by the camera is essentially identi-
cal (if we ignore the existence of image
boundaries). Hence, we can define, on the image
plane, invariants vith respect to image transforma-
tions due to camera rotations and obtain invariants
corresponding to irreducible representations of the
three-dimensional rotation group S0(3).

Since SO(8) is not Abelian, the irreducible re-
presentations are not necessarily one-dimensional.
However, we can construct invariants by taking not
only linear combinations but also general algebraic
expressions of image characteristics. This idea
also leads to many interesting applications to com-
puter vision problems (e.g., Kanatanit 78 ). Thus,
the principle described here has a wide range of
applications to many problems in computer vision
and image understanding.
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APPENDIX A

If a point X, Y,
plane z=pxr + qu + T,
correspondence between the point (X,
scene and its projection (x,

Z) in the scene is on the

there is a one-to-one
Y, Z) in the
y) on the image plane.

In fact, solving egns (5.1) and Z = pX+qY +r
simultaneously for X, Y, Z, we obtain
(frr)x  y (frr)y g flpzrqutr)
X7pr-qu’ "T-pr-av’ L == @b
The velocity of point (X, Y, Z) in the scene is
given by
X a W) X
Y=l bl+] @2 |x| Y |. (A.2)
VA c w3 Z-r
Substituting Z = pX + @Y + r, we obtain
X=a+pupX+ (quz—w3)Y,  Y=b+ (@g-powi )X-qu1Y,
Z=c-wpX+w1Y. (A.8)

Differentiating both sides of eqns (5.1), ve obtain
the velocity of the image point (z,y) as follows:

. _i .
x-}%—ﬂz. F}%—}%. A.4)

From egns (A.3) and eqns (5.1), ve see that

X - S9\ pap+ (quz-as )y, -}QYZ-=-}.%+ (w3-pw )T-qu1Y,

F+Z f+Z



;-ﬁz—f-f%-wzxww.
Substituting these in eqns (A.5) and 1/(f+Z) = (f-
px-qy)/f(f+r), which is obtained from the last of

eqns (A.2), we obtain the result of eqns (6.2) and
(5.3).

A.5)

APPENDIX B

Let us define vectors
up

e[3]owf ] 5]+ (8] e
and matrices
[ 48] Ror[ G, B9 ] ae

The optical flow of eqns (5.2) is expressed as

u=up+Ax+ (k,x)x, (B.3)

vhere (-, ) denotes the inner product.

Suppose we use an x'y’'-coordinate system ob-
tained by rotating the xy-coordinate system around
the z-axis by angle 0 counterclockwvise. Since we
are observing the rigid motion of a plane, the op-
tical flow must have the same form

u'=up +A'x +B Y +(E'x +Fy )z’ ,
V=l DY+ (E Y )y, B.4)

or
u'=up AT+ (kX ), (B.5)
We know that the coordinates x, y and the velg—
city components u, v are transformed under coordi-
nate rotation as vectors:

x'=R(0)x, u'=R(O))u. (B.6)
Hence, from eqn (B.3), we obtain
u’=R(0) (up+Ax+ (k,x)x)
=R(0) (uo+AR(8)"z" + (k,R(8)Tx" R(0)x" )
=R(0)up+R (8)AR(0)Tx" + (R(8)k,x" )x" . ®.7)
t:c.)t'e R(Gt)hra-t). gégg:rin; tﬁég)rvitﬁd eq(ﬁ(BZB:.'S‘),) HZ
find
w'=RO@My, A'=R(0)ARO)k. (B.8)

Hence, w and k are transformed as vectors, while A
is transformed as a tensor.
APPENDIX C
LEMMA C.1 We have ¢ = O if and only if
Re (Se’?®) =T (€.1)

is satisfied (within a certain threshold), where «
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V16|15 [Bc 2—8Re[L2S *]c'+|L |4

—8c24Tc'+|L?

Fig. 4 Existence and uniqueness of nonzero c’.

= arg().
given by

Then, the solution of eqns (5.6) is

VJ%on. P=f. W=ifK, a>3=%(R+Im (Se?e) ).  (C.2)

Proof. If ¢ = 0, ve can immediately obtain eqns
_(C.2). The only remaining condition to be satisfied
is Im(PWYV'*) = -iT. From eqns (C.2), we see that

Pw- t=1- SfK"Us/f=_iSe-Ziq .

FK-Uo/f €.3

Hence, we obtain eqn (C.1).

APPENDIX D

If ¢’ %0, the third of eqns (5.6) is rewritten
as (c'P)(-iW') = c'S. Hence, the last two of eqns
(5.6) imply that c'P and -ilf' are the two roots of
the quadratic equation

X2-LX+c'$=0, ®.1)

vhere L is defined as indicated in Theorem 1.
Hence, P and W' are given as functions of ¢’ by

P(c')=§l.- LtN1Z4c'S), c'=%(L$JL2—4c’S). ©.2)

Taking the real and the imaginary parts of the
second of eqns (5.6), we obtain

w3=% (R+Re (P(c" W' (c*)*) ),

¢ =L@ e W @), ®.3)

The last of eqns (6.5) is obtained by substitut-
ing eqns (D.2) in the first of eqns (D.3). The
equation to determine ¢’ is obtained by substitut-
ing eqns (D.2) in the second of eqns (D.3) as fol-
lows:

161812 2-8Re (L2S*) c'+ I L1%=8c"2-4Tc"+IL 2.
0.4)

The left-hand side of eqn (D.4) is a smooth con-
cave function (or constant if S = 0) passing
through (0, I1L12) (Fig. 4). Since we know that ¢’
% 0, we can see from Fig. 4 that there exists a
single unique nonzero solution c¢°. Taking the



squares of both sides and dropping off ¢’ from both
sides, we obtain eqn (5.7). From Fig. 4, ve can
easily see that eqn (5.6) has three real roots and
that the middle one is the desired root. The other
tvo roots were introduced by squaring of both
sides.

APPENDIX E

Since IPW'1=1PW|, the right-hand sides of the
last two of eqns (5.10) have the same modulus,
i.e.,

(Cw3- (R+iT)) (2u3- (R-iT))=SS', E.1)

vhich gives the first of eqns (5.11). Now, ve can
see from the last tow of eans (5.10) that if P and
W satisfy them, so do ¥ multiplied by a real number
and P divided by that number. Consequently, the
magnitude k = 1W!| of W can be taken as an in-
determinate scale factor. Elimination of P from the
last two of eqns (5.10) by taking the ratio yields

WA =18/ (@3- (R-iT)). (E.2)
Taking the argument of both sides, we obtain
Zarg<v>=§+arg (S)-arg (23~ (R+iT)) mod 21, (E.8)

and hence
ars(l&')=;7;+%ar8(S)-%arg(ng-(RJriT)) mod 7. (E.4)

However, ‘mod 7" can be ignored by allowing the
§ca1t:hf‘agtor kfto be w)egative. Then, W is obtained
in e form of ke'*¢"), and from the third of

(5.10) P = iS/V. 1re of edns

APPENDIX F

From the last of eqns (6.7), we obtain the
second of eqns (6.8). Substituting it in the third,
we obtain

t‘—Tt2+‘11&§'=0, F.1)

and consequently the first of eqns (6.8). Taking
the co:pplex conjugate of the second of eqns (6.7),
we obtain tv* + s*v = V*. Eliminating v*, we obtain
the third of eqns (6.8). Next, noting

2
1—vv*=1——%—z— —1 -1

1497+ @ 1405+ 14p%+@ K2 #.2)
ve obtain the fourth of eqns (6.8). Finally, from

t(.geef)‘irst. of eqns (6.7), we obtain the last of eqns



