15th In t. Conf. Pattern Recognition (ICPR 2000), September 2000, Barcelona, Spain, V ol. 1, pp. 76{79. 76 Gauge-Based Reliabilit y Analysis of 3-D Reconstruction from Tw o Uncalibrated P ersp ectiv e Views Kenic hi Kanatani Departmen t of Computer Science, Gunma Univ ersit y , Kiryu, Gunma 376-8515 Japan kanatani@cs.gunma-u.ac.jp Abstract We evaluate the r eliability of the 3-D (Euclide an) shap e r e c onstructe d fr om two unc alibr ate d p ersp e ctive views. Intr o ducing a statistic al mo del of image noise, we optimal ly c ompute the fundamental matrix and eval- uate its unc ertainty in quantitative terms. We then evaluate the c ovarianc e matric es of the r e c onstructe d 3-D p oints by pr op agating the image noise and the unc ertainty in the fundamental matrix using a simple scheme. We show r e al-image exp eriments and discuss the e�e ct of the \gauge" on the unc ertainty description. 1. In tro duction Man y studies hav e b een done for reconstructing 3-D shap e from images [1, 12], but quan titativ e reliability ev aluation has not b een addressed v ery muc h. One reason for this is that 3-D reconstruction has frequen tly b een studied in the pr oje ctive framew ork b ecause of its mathematical elegance. F or error analysis, ho w ev er, one has to work in the Euclide an framew ork, since noise is a physical quantit y that o ccurs in the image frame. First order error propagation can b e done for cali- brated or orthographic views [10, 16], and Cramer-Rao lo w er b ounds can b e ev aluated for a simple form of bun- dle adjustment [15]. F or general uncalibrated p ersp ec- tiv e views, ho w ev er, error propagation or bundle ad- justmen t is v ery complicated. In this pap er, w e presen t an alternativ e approach: w e deriv e a (non-Cramer-Rao t ype) the or etic al ac cur acy b ound and devise an algo- rithm that attains that b ound, which itself can b e used as a reliability measure. Our uncertaint y analysis is v ery similar to that of Csurk a et al. [2] and in a sense a straigh tforw ard extension. In this pap er, w e fo cus on 3-D Euclidean reconstruc- tion from tw o uncalibrated p ersp ectiv e views and illus- trate our technique. In tro ducing a statistical mo del of image noise, we optimally compute the fundamen- tal matrix and ev aluate its theoretical accuracy b ound. Then, w e decomp ose the computed fundamen tal ma- trix in to the fo cal lengths and the camera motion pa- rameters and reconstruct the 3-D shap e. Finally , we ev aluate the co v ariance matrices of the reconstructed p oin ts. Here arises an imp ortan t issue, to whic h little at- ten tion has b een paid in the past: 3-D r e c onstruction fr om images ne c essarily involves inher ent indetermi- nacy [15]. These indeterminacies can b e remov ed by imp osing normalization constrain ts; e.g., �xing the co- ordinate origin to a particular p oint of the ob ject and normalizing the size of something to unit length. But such normalization a�e cts the unc ertainty description : the normalized parameters ha v e no uncertain t y , and the uncertain t y of all parameters is altered b y merely c hanging the normalization conditions. In fact, we can- not sp eak of uncertaint y of a particular parameter in absolute terms unless it is inv arian t to gauge tr ansfor- mations [6, 8, 9, 11]. W e discuss the e�ect of the gauge on the uncertain t y description b y using our real-image examples. 2. F undamen tal Matrix Computation Supp ose an uncalibrated camera rotates relative to a stationary scene b y R (rotation matrix) and translates b y t . W e de�ne arbitrary image co ordinate systems in the tw o images tak en b efore and after the camera motion. Supp ose a p oin t ( u; v ) in the �rst image cor- resp onds to ( u 0 ; v 0 ) in the second image. W e represen t them by 3-D v ectors x = 0 @ u=f 0 v =f 0 1 1 A ; x 0 = 0 @ u 0 =f 0 v 0 =f 0 1 1 A ; (1) where f 0 is an appropriate estimate of the fo cal lengths b efore and after the camera motion. If no noise exists in the tw o images, the follo wing epip olar e quation is satis�ed: ( x ; F x 0 ) = 0 : (2) Throughout this pap er, ( a ; b ) denotes the inner pro d- uct of vectors a and b . The matrix F is singular and is called the fundamental matrix . W e hav e already implemented a statistically opti- mal metho d for computing F using a tec hnique called r enormalization [3] as a public domain C++ program 1 1 http://www.ail.cs.gunma-u.ac.jp/~kanatani/e/

[4]. W e ha v e also con�rmed that this algorithm at- tains the theoretical accuracy b ound. This program not only pro duces an optimal estimate ^ F of F but also its standar d deviation p air f F (+) , F ( � ) g , whic h are the v alues of F in its parameter space apart from ^ F b y the standard deviation in b oth wa ys in the direction along whic h errors are the most lik ely to o ccur [3]. If F (+) and F ( � ) coincide up to, say , three signi�can t digits, the solution ^ F is guaranteed to ha v e accuracy up to appro ximately three signi�can t digits. 3. Optimal F eature Correction W e assume that each feature p oint undergo es inde- p enden t Gaussian noise not necessarily homogeneous or isotropic. W e also assume that the co v ariance ma- trix of eac h p oint is giv en only up to sc ale . Let V 0 [ x ] and V 0 [ x 0 ] b e appropriately normalized cov ariance ma- trices of v ectors x and x 0 . They can b e estimated from the residual of template matching [10, 13, 14]. If the noise has the same isotropic distribution ev erywhere, w e hav e V 0 [ x ] = V 0 [ x 0 ] = diag(1 ; 1 ; 0) : (3) where diag ( � � � ) is the diagonal matrix with diagonal elemen ts � � � . W e use this as the default v alue when no information is av ailable. After the fundamen tal matrix F is computed, w e correct x and x 0 so that they satisfy (2) exactly in a statistically optimal wa y . This is done as follo ws [3]: ^ x = x � E ( x ; x 0 ) V ( x ; x 0 ) V 0 [ x ] F x 0 ; ^ x 0 = x 0 � E ( x ; x 0 ) V ( x ; x 0 ) V 0 [ x 0 ] F > x : (4) Here, w e de�ne E ( x ; x 0 ) = ( x ; F x 0 ) ; V ( x ; x 0 ) = ( x 0 ; F > V 0 [ x ] F x 0 ) + ( x ; F V 0 [ x 0 ] F > x ) : (5) This pro cedure is essen tially equiv alen t to the triangu- lation of Hartley and Sturm [7], but the ab ov e form is computationally m uc h more e�cien t. Also, w e can easily derive statistical prop erties of the resulting v ari- ables. In fact, the corrected p ositions ^ x are ^ x 0 ha v e the follo wing (normalized) co v ariance matrices [3]: V 0 [ ^ x ] = V 0 [ x ] � ( V 0 [ x ] F x 0 )( V 0 [ x ] F x 0 ) > V ( x ; x 0 ) ; V 0 [ ^ x 0 ] = V 0 [ x 0 ] � ( V 0 [ x 0 ] F > x )( V 0 [ x 0 ] F > x ) > V ( x ; x 0 ) : (6) W e are assuming that errors in x and x 0 are indep en- den t, but the corrected v alues ^ x and ^ x 0 hav e the fol- lo wing (normalized) correlation matrix [3]: V 0 [ ^ x ; ^ x 0 ] = � ( V 0 [ x ] F x 0 )( V 0 [ x 0 ] F > x ) > V ( x ; x 0 ) : (7) 4. Self-Calibration Pro cedure If the principal p oin t is at the center of the frame and no image skew exists, w e can self-calibrate the fo cal lengths f and f 0 of the tw o images and the translation t and the rotation R of the camera by an analytical metho d [1, 5] If the estimate f 0 is replaced by the true v alues f and f 0 in the representation (1), the depths of the p oin t w e are viewing are estimated with resp ect to the �rst and the second camera co ordinate systems in the following form [3]: ^ Z = ( t � R ^ x 0 ; n ) ; ^ Z 0 = ( t � ^ x ; n ) (8) Here, we hav e de�ned n = ^ x � R ^ x 0 k ^ x � R ^ x 0 k 2 : (9) The 3-D p osition ^ r with resp ect to the �rst camera co ordinate system is giv en b y ^ r = ^ Z ^ x : (10) Its normalized co v ariance matrix is giv en by V 0 [ ^ r ] = ^ Z 2 V 0 [ ^ x ] + 2 ^ Z S [ V 0 [ ^ Z ; ^ x ] ^ x > ] + V 0 [ ^ Z ] ^ x ^ x > ; (11) where S [ � ] denotes the symmetrization op eration ( S [ A ] = ( A + A > ) = 2). The normalized cov ariance ma- trix V 0 [ ^ x ] is given b y the �rst of eqs. (6) (the estimate f 0 is replaced b y its true v alues f and f 0 appropriately in its represen tation). F rom eq. (8), we obtain the nor- malized v ariance V 0 [ ^ Z ] and the normalized correlation v ector V 0 [ ^ Z ; ^ x ] in the form V 0 [ ^ Z ] = 1 k ^ x � R ^ x 0 k 2 � ^ Z 2 ( m ; V 0 [ ^ x ] m ) � 2 ^ Z ^ Z 0 ( m ; V 0 [ ^ x ; ^ x 0 ] R > m ) + ^ Z 0 2 ( m ; R V 0 [ ^ x 0 ] R > m ) � ; (12) V 0 [ ^ Z ; ^ x ] = � ( ^ Z V 0 [ ^ x ] � ^ Z 0 V 0 [ ^ x ; ^ x 0 ] R > ) m ( m ; ^ x ) ; (13) where we hav e de�ned m = N [ t � ^ x ] � R ^ x 0 : (14) The op erator N [ � ] denotes normalization in to a unit v ector ( N [ a ] = a = k a k ). 77

Figure 1. Real images of an indo or scene. Figure 2. 3-D reconstruction and uncer- tain t y ellipsoids (stereogram). The term \normalized" means that the absolute noise magnitude � , whic h we call the noise level , is normalized to 1. An estimate ^ � of the noise level � is automatically ev aluated in the course of computing the fundamen tal matrix F [4]. Hence, the absolute co v ari- ance matrix V [ ^ r ] equals ^ � 2 V 0 [ ^ r ]. 5 Reliabilit y of 3-D Reconstruction The ab o v e co v ariance analysis is based on the as- sumption that the fundamen tal matrix F is correct. Ho w ev er, F itself has uncertain t y b ecause it is com- puted form the data. In fact, w e can ev aluate its \co- v ariance tensor" in the pro cess of computing F [4]. The co v ariance of the fo cal lengths and the motion pa- rameters could b e computed from it, but the correla- tions among themselv es and with all other quan tities are in tractably complicated. Here, we introduce the follo wing approximation. Since our renormalization-based algorithm for com- puting the fundamen tal matrix F can compute the pri- mary deviation pair f F (+) , F ( � ) g , we can obtain the corresp onding 3-D p ositions r (+) and r ( � ) from this. Here, w e identify the line segment connecting them with the uncertain t y of the reconstructed p osition ^ r , i.e., w e regard ( r (+) � ^ r )( r (+) � ^ r ) > as an approximate co v ariance matrix of ^ r , although this is not a purely ge- ometric prop ert y , since analysis based on F ( � ) dep ends on this particular parameterization of F . Since the fundamen tal matrix F is computed from all feature p oints b y optimally �tting the epip olar con- strain t, the correlation of F with a particular feature (a) (b) Figure 3. Gauge dep endence of un- certaint y description. (a) Normalization based on the cen troid. (b) Normalization based on three v ertices. ratio angle (deg) computed v alue 1.014 96.5 true v alue 1.000 90.0 predicted standard deviation 0.003 2.4 T able 1. Reliabilit y of gauge in v arian ts. p oint is exp ected to b e v ery small. Hence, w e approxi- mate the cov ariance matrix V [ ^ r ] as the sum of the tw o error sources: V [ ^ r ] = ^ � 2 V 0 [ ^ r ] + ( r (+) � ^ r )( r (+) � ^ r ) > : (15) 6. Real Image Exp erimen t W e reconstructed the 3-D shap e from the tw o images sho wn in Fig. 1, using the feature p oints mark ed in the images. Fig. 2 is a side view of the reconstructed p oin ts (stereogram); wireframes consisting of some of them are shown. On eac h reconstructed p oint is cen tered the uncertain t y ellipsoid de�ned b y the co v ariance matrix giv en b y eq. (15). All ellipsoids lo ok lik e thin needles, indicating that the uncertaint y is v ery large along the depth orientation. This description is de c eptive, however . This uncer- tain t y description is based on a particular gauge , i.e., a c hoice of normalization, such that the world co ordinate system coincides with the �rst camera frame and the camera translation is normalized to unit length [6, 11]. This gauge hides the fact that the uncertaint y is mostly due to the camera translation. In fact, what is uncer- tain is the depth of the ob ject as a whole , not the ob ject shap e. F or example, if w e tak e the centroid of the p olyhe- dral ob ject as the co ordinate origin and normalize the ro ot-mean-square distance to the vertices from the cen- troid to unit length, we obtain the description shown in Fig. 3(a). By construction, the uncertain t y is almost symmetric with resp ect to the cen troid, and the ob ject shap e has very little uncertain t y . 78

Figure 4. Tw o images of a car. Figure 5. Reconstructed and texture- mapp ed 3-D shap e. Fig. 3(b) is the uncertaint y description for yet an- other gauge: one of the ob ject v ertex is tak en to b e the co ordinate origin, another is taken to b e (1,1,0), and a third one is on the X Y plane. By de�nition, the �rst t w o p oints hav e no uncertaint y . It follo ws that unc ertainty of individual quantities has no absolute me aning . In other words, the discrep- ancy of the reconstructed quantities from their true v alues is not a meaningful measure of accuracy if arti- �cial normanizations are in v olv ed. Let us call the description c hanges due to choosing di�eren t gauges (i.e., normanizations) gauge tr ansfor- mations . Absolute meaning can b e given only to gauge invariants [6], i.e., quan tities in v arian t to gauge trans- formations. T ypical gauge in v arian ts for Euclidean re- construction are ratios of lengths and angles of lines. T able 1 lists the ratio of tw o sides of the p olyhedral ob jects and the angle they mak e along with their true v alues and their standard deviations deriv ed b y the co- v ariance matrices of the vertices. Fig. 4 shows tw o real images of a car. Fig. 5 shows its 3-D shap e computed from the feature p oin ts mark ed in the images. W e de�ned a wireframe with triangular meshes from the reconstructed p oin ts and mapp ed the texture on to it. A fairly accurate 3-D shap e is created ev en though only tw o views are used. 7. Concluding Remarks W e ha v e sho wn ho w to ev aluate the reliability of the 3-D (Euclidean) shap e reconstructed from t w o un- calibrated p ersp ectiv e views. In tro ducing a statistical mo del of image noise, we optimally computed the fun- damen tal matrix and ev aluated its uncertain t y in quan- titativ e terms. W e then ev aluated the co v ariance ma- trices of the reconstructed 3-D p oints by propagating the image noise and the uncertain t y in the fundamen tal matrix using a simple sc heme. W e sho w ed real-image exp eriments and discussed the e�ect of the gauge on the uncertaint y description. References [1] S. Bougnoux, F rom pro jectiv e to Euclidean space un- der any practical situation, a criticism of self calibra- tion, Pr o c. 6th Int. Conf. Comput. Vision. , January 1998, Bomba y , India, pp. 790{796. [2] G. Csurk a, C. Zeller, Z. Zhang and O. D. F augeras, Characterizing the uncertaint y of the fundamental ma- trix, Comput Vision Image Understand. , 68 -1 (1997), 18{36. [3] K. Kanatani, Statistic al Optimization for Ge ometric Computation: The ory and Pr actic e , Elsevier, Amster- dam, 1996. [4] K. Kanatani, Optimal fundamental matrix compu- tation: Algorithm and reliabilit y analysis, Pr o c. 6th Symp. Sensing via Image Information , June 2000, Y ok ohama, Japan. [5] K. Kanatani and C. Matsunaga, Closed-form expres- sion for fo cal lengths from the fundamental matrix, Pr o c. 4th Asian Conf. Computer Vision , Jan uary , 2000, T aipei, T aiw an, pp. 128{133. [6] K. Kanatani and D. D. Morris, Gauges and gauge transformations in 3D reconstruction from a sequence of images, Pr o c. 4th Asian Conf. Computer Vision , January 2000, T aipei, T aiw an, pp. 1046{1051. [7] R. I. Hartley and P . Sturm, T riangulation, Comput. Vision. Image Understand. , 68 -2 (1997), 146{157. [8] P . F. McLauc hlan, Gauge in v ariance in pro jective 3D reconstruction, IEEE Workshop on Multi-View Mo d- eling and Analysis of Visual Sc enes , June 1999, F ort Collins, CO, U.S.A.. [9] P . F. McLauchlan, Co ordinate-frame indep endence in optimization algorithms for 3D vision, IEEE Workshop on Vision Algorithms: The ory and Pr actic e , Septem- b er 1999, Corfu, Greece. [10] D. D. Morris and T. Kanade, A uni�ed factorization algorithm for p oin ts, line segments and planes with uncertaint y mo dels, Pr o c. Int. Conf. Comput. Vision , January 1998, Bom ba y , India, pp. 696{702. [11] D. D. Morris, K. Kanatani and T. Kanade, Uncer- taint y mo deling for optimal structure from motion, IEEE Workshop on Vision A lgorithm: The ory and Pr actic e , Septem b er 1999, Corfu, Greece. [12] M. Pollefeys, R. Ko ch and L. V an Go ol, Self- calibration and metric reconstruction in spite of v ary- ing and unknown internal camera parameters, Int. J. Comput. Vision , 32 -1 (1999), 7{26. [13] J. Shi and C. T omasi, Go o d features to track, Pr o c. IEEE Conf. Comput. Vision Patt. R e c o gn. , June 1994, Seattle, W A, pp. 593{600. [14] A. Singh, An estimation-theoretic framework for image- ow computation, Pr o c. 3r d Int. Conf. Comput. Vision , December, 1990, Osak a, Japan, pp. 168{177. [15] R. Szeliski and S. B. Kang, Shap e am biguities in struc- ture from motion, IEEE T r ans. Patt. Anal. Mach. In- tel l. , 19 -5 (1997), 506{512. [16] J. W eng, N. Ah uja and T. S. Huang, Optimal mo- tion and structure estimation, IEEE T r ans. Patt. Anal. Mach. Intel l. , 15 -9 (1993), 864{884. 79