4v2?3XE*?dDj$K$*$1$k@:EY$NM}O@8B3&$H:GE,%"%k%4%j%:%‘ 6bC+ 7r0l y 72GOBg3X9)3XIt>pJs9)3X2J 376-8515 6M@8;TE7?@D. 1{5{1 72GOBg3X9)3XIt>pJs9)3X2J T el: (0277)30-1842 F ax: (0277)30-1801 kanatani@ail.cs.gunma-u.ac.jp K\ O@ J8 $G $O 4v 2? 3X E* 94 B+ >r 7o $K 4p $E $$ $F 8m :9 $N $" $k %G!< %? $+ $i %7!< %s $d J* BN $N #3 <! 85 9= B$ $r ?d O@ $9 $k %3 %s %T%e!< %? %S %8%g %s$N Ld Bj $r !V%b %G %k Ev $F $O $a Ld Bj!W $H $7 $F Dj <0 2= $7!" 0l HL E* $J ?t 3X E* OH AH $_ $r M? $( $k!# $= $7 $F!" 8m :9 $N 5s F0 $r E} 7W E* $K %b %G %k2= $9 $k $3 $H $K $h$C $F ?d Dj @: EY $N M} O@ 8B 3& $, F@ $i $l $k $H $H $b $K!" $= $N 8B 3& $r E~ C# $9 $k 7W ;; K! $, F@ $i $l $k $3 $H $r <( $9!# $3 $l $O \ B>$N$I$N$h$&$JJ}K!$rMQ$$$F$b$h$j$h$$2r$,F@$i$l$J$$ " $H $$$&0UL#$G??$K \ :GE, " $J<jK!$G$"$k!#$3$l$rNc$H$7$F#3<!851? F02r@O$N>l9g$K6qBNE*$K@bL@$9$k!#$^$?!"4XO"$9$k$5$^$6$^$JLdBj$H$N4XO"$K$D$$$F$b=R$Y$k!# %-!<%o!<%I : :GE,2= , 4v2?3XE*?dDj , #3<!851?F02r@O , E}7WE*?dDj , @:EY$NM}O@8B3& , %b%G%kEv$F$O$a Theoretical Accuracy Bounds and Optimal Algorithm in Geometric Estimation Kenic hi Kanatani Departmen t of Computer Science, Gunma Univ ersit y , Kiryu, Gunma 376-8515, Japan T el: +81(277)30-1842 F ax: +81(277)30-1801 kanatani@ail.cs.gunma-u.ac.jp This pap er giv es a general mathematical framew ork to the computer vision task of inferring 3-D structures of scenes and ob jects based on image data and geometric constrain ts, viewing the problem as mo del �tting . It can b e sho wn that b y mo deling the statistical b eha vior of noise, w e can deriv e a theoretical accuracy b ound and a computational sc heme that attains that b ound. Suc h a metho d is truly optimal in the sense that ac cur acy c annot b e impr ove d by any other metho ds . W e illustrate our theory b y taking the structure-from-motion problem as an example. V arious related topics are also discussed. Key w ords : optimization, geometric estimation, structure from motion, statistical estimation, theoretical accuracy b ound, mo del �tting

1 =xO@ %3 %s %T%e!< %? %S %8%g %s $N L\ E* $N 0l $D $O 2h A| %G!< %? $+ $i #3 <! 85 4D 6- $K 4X $9 $k ?d O@ $r 9T $J $& $3 $H $G $" $j!" $= $N <j 3] $+ $j $H $J $k $N$O $= $N 4D 6- $K 4X $9 $k ;v A0 $N CN <1 $G $" $k!# $3 $l $, $J $1 $l $P 2? $N ?d O@ $b $G $- $J $$!# CN <1 $H $7 $F $O <o!9 $N 7A $, $" $k $,!" FC $K J* BN $N7A >u $d 1? F0 $K 4X $7 $F @. N) $9 $Y $- 4v 2? 3X E* 4X 78 $O 94 B+ !" $" $k $$ $O %b %G %k $H 8F $P $l $k!# $= $N $h $& $J 4X 78 $K $O DL >o $$ $/ $D $+ $N %Q %i%a!<%?$,4^$^$l$F$$$k!#$7$?$,$C$F<!$N2]Bj$,@8$8$k!# %b%G%kA*Br 4QB, $7$? 2h A|Cf $G FCDj $N %b%G %k$, @. N)$7 $F $$$k $N $+!"$" $k$$ $O J#?t $N 8uJd %b%G %k $NCf $G $I$l $, @.N) $7$F $$ $k$+ $r H=Dj$9$k!# %b%G%kEv$F$O$a 4QB,$7$?2hA|$KE,9g$K$9$k$h$&$K%b%G%k$N%Q%i%a!<%?$r7hDj$9$k!# $3 $l $i $O $I $A $i $b :$ Fq $J Ld Bj $G $" $k!# $= $l $O 2h A| %G!< %? $K 8m :9 $, $" $j!" @. N) $9 $Y $- >r 7o $b 87 L) $K $O @. N) $7 $J $$ $+ $i $G $" $k!# 8m :9 $O IT 3N Dj $G $" $k $+ $i!" $3 $l $K BP =h $9 $k $K $O E} 7W E* $J ?d O@ $, IT 2D 7g $G $" $k!# $7 $? $,$C $F E} 7W E* 2r @O $O %3 %s %T%e!< %? %S %8%g%s$N3K?4$G$"$k$H$b$$$($k 1 !# =>Mh $3 $N E@ $O 7Z ;k $5 $l!" 2h A| $K $O 8m :9 $, $J $$ $H 2> Dj $7!" F) ;k JQ 49 $N 4v 2? 3X E* 4X 78 $r Mx MQ $7 $F #3 <! 85 7A >u $d 1? F0 $r 7W ;; $9 $k M}O@ $, <!!9 $H E8 3+ $5 $l $F $- $?!# $= $7 $F Ey 9f @. N) $N H= Dj $O E, Ev $J $7 $- $$ CM $r F3 F~ $7 $F BP =h $7!" %Q %i %a!< %? $O 94 B+ $N Fs >h OB $r :G >. $K $9 $k $h $& $K Dj $a!" 7k 2L $N ?. Mj @- $K $D $$ $F $O Mp ?t 8m :9 $r 2C $( $? %G!< %? $K $h $k %7 %_%e %l!< %7%g %s $r 9T $J$C $F 8+ Ev $r $D $1 $k $H $$$&$N$,IaDL$G$"$C$?!# I. <T $O >e 5- $N 2] Bj $r !VE} 7W E* ?d O@!W $H $_ $J $7 $F 8m :9 $N E} 7W %b %G %k $K 4p $E $$ $? M} O@ 2= $r 9T $J$C $F $- $? [7, 8, 9, 10] !# FC $K A0 <T$N%b%G%kA*Br$K4X $7$F$O 4v2?3X E*#A#I#C $rF3 F~$7 [12] !"F02hA|2r @O [11] !"%"%/%F%#%V %S%8%g%s$N<+8J I>2A [13] !"#C#A#D%$ %s %?!< %U%’!< %9 [3] !" %* %W %F%# %+ %k %U %m!< $+ $i $N 0\ F0 J* BN 8! =P [19] !" %9 %F %l %* 2h A| $+ $i $N ?d O@ [15] $J $I $K E, MQ $7 $?!# T orr $i $O 4v2? 3X E* #A #I #C $, %m %P %9 %H #3 <! 85 7A >u I| 85 $d 2h A| $N %^%C %A %s %0 $d F0 2h A| $N %; %0 %a %s %F!< %7%g %s $K $b M- 8z $G $" $k $3 $H $r Js 9p $7 $F$$$k [22, 23, 24] !# $3$N $h $& $J %b %G %k A* Br $N J} K! $O %b %G %k Ev $F $O $a $N J} K! $K 0M B8 $7 $F $$ $k!# $J $< $J $i!" 8u Jd %b %G %k $r @5 $7 $$ $H 2> Dj $7 $F $= $l $r %G!<%? $K !V:G E,!W $K Ev $F $O $a!" $= $N ;D :9 $+ $i $= $N %b %G %k $N BE Ev @- $r H= Dj $9 $k $+ $i $G $" $k!# $= $3 $G K\ 9F $G $O %b %G %k Ev $F $O $a $K 4X$9$kI.<T$NM}O@$rAm3g$9$k!# :G6a !V:G E,!W $H $$ $& 8@ MU $, Mp MQ $5 $l $F $$ $k!# $h $/ MQ $$ $i $l $k $N $O!" 2? $i $+ $N :G >. 2= 4p =‘ ( 94 B+ $N Fs >h OB $J $I ) $r Dj $a!" $= $l $r :G >. $K $9 $k 2r $r !V:G E,!W 2r!" $= $N %W %m %; %9 $r !V:G E,!W 2= $H 8F $V $3 $H $G $" $k 2 !# $7 $+ $7!" K\ Mh !V:G E, 2r!W $H $O \ 2r $N 6a $5 " $r E,@Z $K Dj 5A $7 $? >e $G !V?? $N 2r $K :G $b 6a $$ 2r!W $N 0U L# $G $" $k!# Ev A3!" $" $k 4p =‘ $r :G >. $K $9 $k 2r $h $j JL $N 4p =‘ $r :G >. $K $9 $k 2r $N J}$,??$N2r$K6a$$$3$H$b$"$jF@$k!#$7$?$,$C$F!"!V:GE,!W$H$O :G>.2=4p=‘$=$N$b$N$KBP$9$kI>2A $G$J$1$l$P$J$i$J$$!# K\ 9F $G $O !V:G E,!W $H $$ $& 8@ MU $r 87 L) $K 2r <a $7!" !V?? $N 2r $K :G $b 6a $$ 2r $r M? $( $k 2r K!!W!" $9 $J $o $A !VB> $N $I $s $J 2r K! $r MQ $$ $F $b $h $j $h $$ 2r $r F@ $k $3 $H $, IT 2D G= $G $" $k 2r K!!W $r !V:G E, $J 2r K!!W $H 8F $S!" $= $N 2r $r !V:G E, 2r!W $H 8F $V!# $3 $l $r <B 8= $9 $k $K $O<!$N#2%9%F%C%W$,I,MW$G$"$k!# 1. 9M$($F$$$kLdBj$KBP$7$F!"$I$N$h$&$J2rK!$rMQ$$$F$b1[$($k$3$H$N$G$-$J$$@:EY$NM}O@8B3&$rF3=P$9$k!# 2. 9M$($F$$$k2rK!$KBP$7$F!"2r$N@:EY$,M}O@8B3&$KE~C#$7$F$$$k$3$H$r<($9!# $3$N $h $& $K $7 $F F@ $i $l $? 2r K! $O 87 L) $J 0U L# $G !V:G E,!W $G $" $k!# $b $A $m $s 0l 0U E* $H $O 8B $i $J $$!# @: EY $, F1 Dx EY $N 0[ $J $k 2r K! $, B8:_$7$F!"F@$i$l$k2r$O0[$J$C$F$b$I$l$b:GE,$G$"$k$3$H$,$"$jF@$k!# 2 %b%G%kEv$F$O$a 4QB,%G!<%?$O m <! 85%Y%/%H%k a 1 , ..., a N $G$"$j!" m <!856u4V R m $N $"$k m 0 <!85B?MMBN A $K94B+ $5$l$F$$$k$H$9$k!# A $r %G!<%?6u4V $H8F$V!#%G!<%? a � 2 A $O??$NCM � a � 2 A $K8m:9$,2C$o$C$?$b$N$G$"$k$H$_$J$7!" a � = � a � + � a � (1) 1 K\O@J8$G \ E} 7WE* 2r@O " $H $$$&$N $O4Q B,!&B, Dj%G!<%? $N \ 8m:9 " $K 4X$9 $k2r@O $G$" $k!#0l J}!"$3$N $h$& $JFC D’$r$b $DJ* BN$O 2?!9$G $"$k2D G=@- $,9b $$$H$+ Dc $$$H$+ $$$&!" %Y%$ %:?d Dj $d#M #A#P ?dDj $KBe I=$5 $l $kG’ <1!&<1 JL$K $*$1 $k \ E} 7WE* " ?d O@$b $"$j!" \ %3 %s%T%e!< %? %S%8%g %s$K $*$1 $kE} 7WE* J} K! " $H$$ $&$H =>Mh $O $3$l$r;X$9$3$H$,B?$+$C$?!#K\O@J8$N0UL#$G$N \ E}7WE*J}K! " $,CmL\$5$l;O$a$?$N$O$4$/:G6a$N$3$H$G$"$k!# 2 $5$i $K$" $$ $^$$ $K!" $" $kNL $r >.$5 $/!" JL $NNL $r Bg $-$/ $7 $?$$ $, N> <T$, 9g $$ H?$9 $k $H$-!" E, Ev $J=E $_ $GN> <T $r BE6( $5 $; $k$3 $H $r!V:G E, 2=!W $H8F $V $3 $H$, 9- $/9T$J$o$l$F$$$k!#$3$l$O$b$O$d \ :GE, " $H$$$&0UL#$r<:$C$F$$$k$N$G!" \ BE6(2= " $H$+ \ @^Co2= " $J$I$H8F$V$N$,K\Mh$G$"$m$&!#

$H =q $/!# 8m :9 � a � $O � $4 $H $K FH N) $J 4| BT CM 0 $N @5 5, J, I[ $K => $& 3N N( JQ ?t $G $" $k $H $_ $J $9!# 8m :9 $O >. $5 $$ $H $7!" $= $N 6& J, ;6 9TNs V [ a � ] = E [� a � � a > � ] (2) $O %G!< %? 6u 4V A $N � a � $K $* $1 $k @\ 6u 4V T � a � ( A ) $r CM 0h $H $9 $k %i %s %/ m 0 $N H> @5 CM BP >N 9T Ns $G $" $k $H 2> Dj $9 $k 3 ( E [ � ] $O 4| BT CM!" > $O E> CV $r I= $9 ) !# 8= <B $N 4D 6- $G 8m :9 $N @d BP E* $J Bg $- $5 $r M= B, $9 $k $N $O :$ Fq $G $" $k $+ $i!" 6& J, ;6 9T Ns V [ a � ] $O Dj ?t G\ $r =|$$$F 4{CN$G$"$k$H$7!" V [ a � ] = � 2 V 0 [ a � ] (3) $H=q$/!#L$CN$NDj?t � $r %N%$%:%l%Y%k !"4{CN$N9TNs V 0 [ a � ] $r @55,2=6&J,;69TNs ( 0lHL$K%G!<%?$4$H$K0[$J$k ) $H8F$V!# ??$NCM � a � , � = 1, ..., N $N3F!9$O$"$k n <!85%Y%/%H%k u $r%Q%i%a!<%?$H$9$k$"$k L 8D$NJ}Dx<0$rK~$?$9$H$9$k!#%Y%/%H%k u $O n <!856u 4V R n $N$"$k n 0 <!85 B?MMBN U $K 94B+$5$l$F $$$k$H$9 $k!# U $r %Q%i%a!< %?6u4V $H 8F$V!#JQ?t a , u $K4X$7$F 3j$i $+$J L 8D$N4X?t F ( k ) ( a ; u ): R m � R n ! R , k = 1, ..., L $,M?$($i$l$?$H$-!"LdBj$O<!$N$h$&$K=q$1$k!# !ZLd Bj 1 ![ L 8D$NJ}Dx<0 F ( k ) ( � a � ; u ) = 0 ; k = 1 ; :::; L (4) $rK~$?$9??$NCM � a � 2 A , � = 1, ..., N $H%Q%i%a!<%? u 2 U $r8m:9$N$"$k%G!<%? a � 2 A , � = 1, ..., N $+$i?dDj$;$h!# L 8D $N J} Dx <0 F ( k ) ( a ; u ) = 0, k = 1, ..., L $O 8_ $$ $K FH N) $G $" $k I, MW $O $J $/!" FH N)$J $b $N $N 8D ?t $r r $H $9 $k!# $7 $? $,$C $F F ( k ) ( a ; u ) = 0, k = 1, ..., L $O %G!< %? 6u 4V A $K M> <! 85 r $N B? MM BN S $r Dj 5A $9 $k 4 !# $3 $l $r Ld Bj 1 $N ( 4v 2? 3X E* ) %b %G %k $H 8F $V 5 !#LdBj 1 $O<!$N$h$&$K$b=q$1$k!# !ZLd Bj 2 ![ %G!< %? 6u 4V A $K M? $( $i $l $? N 8D $N E@ f a � g $K BP $7 $F!" %b %G %k S $, $= $l $i $N ?? $N 0L CV f � a � g $r DL $k $h $& $K %Q %i %a!<%? u 2 U $rDj$a$h!# 3 @:EY$NM}O@8B3& %Q %i %a!< %? u $N $" $k IT JP ?d Dj NL 6 $r ^ u $H $9 $k!# %Q %i %a!< %? 6u 4V U $N u $K $* $1 $k @\ 6u 4V $X $N <M 1F 9T Ns $r P U u $H $7!" ^ u $N 6& J,;69TNs$r<!$N$h$&$KDj5A$9$k!# V [ ^ u ] = E [ P U u ( ^ u � u )( ^ u � u ) > P U u ] (5) $3$l$O %Q %i%a!< %? 6u 4V U $N u $K$* $1 $k @\6u 4V T u ( U ) $rCM 0h $H $9$k %i %s%/ n 0 $N H>@5 CM BP>N 9T Ns$G $" $k!#$3 $N $H $-<! $N ITEy <0 $,@.N)$9$k 7 [7, 10] !# V [ ^ u ] � � 2 � N X � =1 L X k ;l =1 � W ( k l ) � ( P U u r u � F ( k ) � )( P U u r u � F ( l ) � ) > � � ; � � W ( k l ) � � = � ( r a � F ( k ) � ; V 0 [ a � ] r a � F ( l ) � ) � � (6) $?$@ $7 A � B $O A � B $, H> @5 CM BP >N 9T Ns $G $" $k $3 $H $r I= $7!" 1i ;; ( � ) � $O ( %‘!< %"!& %Z %s %m!< %: ) 0l HL 5U 9T $r I= $9!# $^ $? n <! 85 %Y %/ %H %k ( @ ( � ) =@ u 1 ; :::; @ ( � ) =@ u n ) > !" m <! 85 %Y %/ %H %k ( @ ( � ) =@ a 1 ; :::; @ ( � ) =@ a m ) > $r $= $l $> $l r u ( � ), r a ( � ) $H =q $-!" r u F ( k ) ( � a � ; u ), r a F ( k ) ( � a � ; u ) $r$=$l$>$l r u � F ( k ) � , r a � F ( k ) � $HN,5-$7$F$$$k!#Bh 2 <0$O!"1&JU$N ( � ) � $NCf?H$r ( k l ) MWAG $H$9$k9TNs$N0lHL5U9TNs$N ( k l ) MWAG$, � W ( k l ) � $KEy$7$$$3$H$rI=$9!# 3 87 L) $K $O <0 (2) Cf $N � a � $O P A � a � � a � $G $" $k!# $? $@ $7 P A � a � $O � a � $K $* $1 $k A $N @\ 6u 4V $X $N <M 1F 9T Ns $G $" $k [7, 10] !# 8m :9 $, >. $5 $$ $N $G P A � a � � a � $H � a � $H$,F10l;k$G$-$k$H$$$&$N$,2>Dj$G$"$j!"<M1F9TNs P A � a � $r>JN,$9$k!# 4 87L)$K$O L 8D$NJ}Dx<0$N3F!9$OM><!85 1 $NB?MMBN$rDj5A$7!"$+$D$=$l$i$I$NFs$D$b8_$$$K2#CGE*$K8r$o$k$H2>Dj$9$kI,MW$,$"$k [10] !# 5 E}7W3X$G$O!V%b%G%k!W$H$O4QB,%G!<%?$rL$CN%Q%i%a!<%?$H4{CN$NJQ?t$H%i%s%@%‘$J8m:9 $H$K$h$C$FI=$9$3$H$r$$$$!"$=$N%Q%i%a!<%?$N?dDj$r 2s5" ( J* M}3X $G$O 5U LdBj ) $H 8F$V!# $3$3 $G $O$= $N$h $&$J 7A$r $7 $F$$ $J$$ $N$G!" E}7W 3X $NM} O@$, D>@\ $K$O E, MQ$G $-$J $$!#4Q B,%G!< %? a � $O L$CN ?t � a � $H8m :9 � a � $K $h$C$F <0 (1) $N$h$&$KI=$5$l$k$N$_$G$"$j!"!V%b%G%k!W S $OL$CN?t f � a � g $r<0 (4) $N7A$G4V@\E*$K94B+$7$F$$$k$K2a$.$J$$!#$3$l$O 94B+=<B-LdBj $H$b8F$Y$k!# 6 ?dDj NL ^ u $NIT JP @- $OIa DL $O E [ ^ u ] = u $H Dj 5A $5$l $k $,!" %Q%i %a!< %? 6u 4V U $, J? C3 $G$J $$ $H $-$O $3 $N $h $&$J Dj 5A $,$G $- $J $$!# $3$N >l 9g $O<M 1F 9T Ns $rMQ $$ $F E [ P U u ( ^ u � u )] = 0 $HDj5A$9$k [10] !# 7 $3$l$rJ88% [7, 10] $G$OHfSHE*$K %/%i%a%k!&%i%*$NITEy<0 !"1&JU$r %/%i%a%k!&%i%*$N2<3& $H8F$s$G$$$k$,!"DL>o$NE}7W3X$G$N$b$N$H$OJLJ*$G$"$k!#

4 %Q%i%a!<%??dDj LdBj 1 $N2rK!$H$7$F<!$N$b$N$,BeI=E*$G$"$k!# :G>.=89gK! <0 (4) $O<+ M3EY n 0 $N%Q %i %a!<%? u $K r 8D$N <0 $rM? $($F $$ $k$+ $i!" 8m:9 $, $J$$ $H 2>Dj $7 $F d n 0 =r e 8D$N %G!< %?$r <0 (4) $KBeF~$7$?<!$NO"N)#1<!J}Dx<0$r2r$$$F u $,Dj$^$k!# F ( k ) ( a � ; u ) = 0 ; k = 1 ; :::; L; � = 1 ; :::; d n 0 e (7) :G>.Fs>hK! N ( � d n 0 =r e ) 8D$N%G!<%?$r4QB,$7!"<!<0$r:G>.$K$9$k u $r7W;;$9$k ( W ( k ) � $OE,Ev$JHsIi$N=E$_ ) !# J LS = N X � =1 L X k =1 W ( k ) � F ( k ) ( a � ; u ) 2 (8) :GL‘?dDjK! %G!<%?$N??$NCM f � a � g $rL$CN?t$H$_$J$7$F %^%O%i%N%S%95wN% $NFs>hOB J = N X � =1 ( a � � � a � ; V 0 [ a � ] � ( a � � � a � )) (9) $r@)Ls>r7o (4) $N$b$H$G:G>.2=$9$k 8 ( K\9F$G$O%Y%/%H%k a , b $NFb@Q$r ( a ; b ) $H=q$/ ) !#%Q%i%a!<%? u $O J $N;D:9$r:G>. $K$9$k$h$&$KA*$V!# $3$l $i $K$O $$ $m $$ $m $JJQ 7A $, 2D G= $G$" $k 9 !#$^ $?!" :G >. =8 9gK! $O %m %P %9 %H?d Dj $H $7 $F :# F|Cm L\ $r =8 $a $F$$ $k 10 !#$7 $+ $7!" :G >. =8 9g K! $b :G >. Fs >h K! $b F@ $i $l $k 2r $, ?? $N 2r $K 6a $$ $H $$ $& J] >Z $O $J $$!# <B :]!" <0 (8) $N :G >. Fs >h K! $O =E $_ W � $r $I $& A* $s $G $b 2r $K E} 7W E* $J JP :9 $, $" $k $3 $H $, CN $i $l $F $$ $k [10] !# $3 $l $K BP $7 $F :G L‘ ?d Dj 2r $N 6& J, ;6 9T Ns $O Bh #1 6a ;w $K $* $$ $F ( $9 $J $o $A O ( � 4 ) $N9‘$rL5;k$7$F ) <0 (6) $NM}O@8B3&$KE~C#$9$k$3$H!"$7$?$,$C$F$3$N0UL#$G:GE,$G$"$k$3$H$,<($;$k 11 [7, 10] !# u $r 8G Dj $9 $k $H <0 (9) $N :G >. 2= $N 2r f ^ a � g $O @) Ls >r 7o (4) $K BP $9 $k %i %0 %i %s %8%e >h ?t $r MQ $$ $F!" #1 <! 6a ;w $K $* $$ $F ( $9 $J $o $A O ( � 2 ) $N9‘$rL5;k$7$F ) <!$N$h$&$K=q$1$k 12 [9, 10] !# ^ a � = a � � V 0 [ a � ] L X k ;l =1 W ( k l ) � F ( k ) � r a F ( l ) � ; � W ( k l ) � � = � ( r a F ( k ) � ; V 0 [ a � ] r a F ( l ) � ) � � r (10) $?$@ $7 F ( k ) � , r a F ( k ) � $O $= $l $>$l F ( k ) ( a � ; u ), r a F ( k ) ( a � ; u ) $N N, 5- $G $" $k!# 1i ;; ( � � � ) � r $OI8 =‘ 7A $K $* $$ $F 8GM- CM $r Bg $- $$$[$&$+$i r 8D$N$_;D$7!";D$j$r 0 $KCV$-49$($F$+$i ( %‘!<%"!&%Z%s%m!<%: ) 0lHL5U$r7W;;$9$k$3$H$r0UL#$9$k 13 !# <0 (10) $r<0 (9) Cf$N � a � $KBeF~$9$k$H!"LdBj$O u $N$_$K4X$9$k<!$N:G>.2=$H$J$k 14 !# J = N X � =1 L X k ;l =1 W ( k l ) � F ( k ) � F ( l ) � (11) 8 2>Dj$7$?8m:9%b%G%k$N$b$H$G%G!<%? f a � g $,4QB,$5$l$kL‘EY$O ( Dj?t ) � e � J = 2 � 2 $G$"$j!" J $N:G>.2=$OL‘EY$N:GBg2=$HEy2A$G$"$k!# 9 Nc$($P!" %Q%i %a!< %? u $N94 B+ u 2 U $,Ld Bj $rJ# ;($K $9$k $N $G!"$3 $N94 B+ $rL5 ;k$7 $F 2r$-!" 8e$G u 2 U $H $J $k>r 7o ( J,2r 2DG= >r 7o ) $rK~ $?$9 $h $&$K Jd@5 $9$k$3$H$b9M$($i$l$k!#$3$N$h$&$JJ}K!$r @~7A2=<jK! $H8F$V [10] !# 10 B??t$N%G!<%?$+$i%i%s%@%‘$K:G>.=89g$r7+$jJV$7A*$S!"2r$r2r6u4V$KEjI<$7!":G9bF@I<$N$b$N$r:NMQ$9$k!#$3$l$O RANSA C $H8F$P$l$k [1] !# 11 DL>o$N :G L‘?d Dj$O 4Q B,?t L5 8BBg $N6K 8B $G%/ %i %a%k!& %i%* $N 2<3& $r C#@. $9$k!# $3 $N>l 9g $O ( 4QB, ?t ) = ( %G!<%? ?t ) $G $"$k!# $7$+ $7!" %b%G %k Ev$F $O$a $G $O4Q B,?t$O 1 $G$"$k!#$J$<$J$iL$CN%Q%i%a!<%?$O f � a � g $H u $N mN + n 8D ( <+M3EY$O m 0 N + n 0 ) $G$"$j!"$3$l$KBP$9$k0lAH$N%G!<%? f a � g $,4QB,$5$l$k!#%G!< %??t N $r A}$d$; $PL$CN %Q%i%a!< %?$b$=$N J,$@$1 A}2C$7!" ?7$7$$ %Q%i%a!<%? $NAH$K BP$7$F $^$?0l AH$N%G!<%? $,4QB, $5$l$k!# $7$?$,$C $F:GL‘ ?dDj$NA2 6aE*:G E,@- $O<B8=$;$:!":GL‘?dDj NL f ^ a � g $O N $rBg$-$/ $7$F$b??$NCM f � a � g $K6a$E$+$J $$!#$7$+$7!"8m :9$N>.$5$$6K 8B$r9M$($k $3$H$O4QB,?t $rA}Bg$5$; $k$N$HEy2A$G $" $j!":GL‘?dDj$NA26aE*:GE,@-$,<B8=$5$l$k!# 12 $3$l $O %G!< %? a � $N :G E, Jd @5 [9, 10] $G $" $j!" 4v 2? 3XE* $K $O E@ a � $r%^ %O %i %N %S %9 5w N% $, :G >.$K $J $k $h $& $K %b %G %k S $K<M 1F $9 $k $3 $H ( %^ %O %i %N %S %9<M 1F ) $r0UL#$9$k!# 13 $=$&$7 $J $$ $H W � $O%G!< %? $N 8m:9 $N $? $a%U %k %i%s %/ $K $J$k $,!" a � ! � a � $N 6K 8B $G%i %s %/ r $KMn $A $k!# $3$N 1i ;; $O8m :9 $,>. $5 $$ $H$- $N ?tCM E* IT 0BDj $r KI$0$?$a$G$"$k [10] !# 14 %m%P%9 %H?d DjK! $K$O RANSA C $N $h$& $JEj I<K! $NB> $K!" #M ?dDj K! !" :G >.%a %8%" %sK! $J$I $,$" $k!# T orr [22] $O<0 (11) $N 3F � $KBP $9$k 9‘$K #M ?dDj ;R$r E, MQ$7 $F$$ $k!# $" $k $$$O OB $r $H $kBe $o $j $K :G>. %a %G%# %" %s$K CV $- 49 $($F $b $h $$!# $7$+ $7!" $= $N $h$& $K $9 $k $H%" %& %H %i %$%" $O =| 5n $G$- $F $b ;D :9$N E} 7W E* $J2r @O $, Fq$7$/$J $k!#B@ ED$i [19] $O!" <0 (10) $N3F � $K BP$9 $k9‘ $r � $G3d$C$? $b$N $,6a ;wE* $K<+ M3EY r $N � 2 J, I[$K =>$& $3$H $+$i!" >eB&$N $"$k % E@ 0J>e $N9‘ $r=| 5n$9 $k$3$H$rDs0F$7$F$$$k!#$3$&$9$k$H;D:9$NE}7WE*@-<A$, ( N $NJQ2=0J30$O ) $[$\J]B8$5$l$k!#

$3 $l $O :G >. Fs >h K! $K 7A $, ;w $F $$ $k $,!" !V=E $_!W W ( k l ) � $b L$ CN ?t u $N 4X ?t $G $" $k $3 $H $K Cm 0U!# $3 $N :G >. CM ^ J $r C1 $K ;D :9 $H 8F $V!# ^ J =� 2 $, #1 <!6a ;w $K$* $$$F <+ M3EY r N � n 0 $N � 2 J, I[$K => $&$3 $H$+ $i [10] !" L$CN %N%$ %: %l%Y %k � $N Fs>h $NIT JP ?dDj NL$, <! $N$h$&$KF@$i$l$k!# ^ � 2 = ^ J r N � n 0 (12) 5 #3<!851?F02r@O %+%a%i $N %l %s%: Cf ?4 $r86 E@ O !" 8w <4 $r Z <4 $H $9 $k X Y Z :BI8 7O $r$H $k!# %+ %a%i $O 9; @5:Q $_ 15 $H $7!">G E@ 5w N%$r D9 $5$N C1 0L $K $H $l $P 2h A| LL $O Z = 1 $H $_ $J $; $k!# $= $N >e $K 8w <4 $N DL 2a E@ ( 2h A| Cf ?4 ) $r 86 E@ o $H $7!" X Y <4 $K J? 9T $J :B I8 <4 $r $b $D xy :BI8 7O$r $H $k!# $= $N%+ %a %i $,86 E@ O $N<~ $j $K 2s E>9T Ns R $@ $1 2s E> $7!"%Y %/ %H %k t $@ $1JB ?J $9 $k$H $9 $k!# f t , R g $r 1? F0 %Q %i %a!<%? $H8F$V!# N AH $N BP 1~ $9 $k FC D’ E@ $N 2h A| :B I8 $r ( x � ; y � ), ( x 0 � ; y 0 � ), � = 1, ..., N $H $7!" $3 $l $i $r <! $N $h $& $J #3 <! 85 %Y %/ %H %k 16 $G I= $9!# x � = ( x � ; y � ; 1) > ; x 0 � = ( x 0 � ; y 0 � ; 1) > (13) $3$l $i $r 3F E@ $4 $H $K FH N) $J @5 5, J, I[ $K => $& 3N N( JQ ?t $H $_ $J $7!" 6& J, ;6 9T Ns $r V [ x � ], V [ x 0 � ] $H $9 $k ( x � , x 0 � $N Bh 3 @. J, $O Dj ?t 1 $G $" $k$+ $i!" 0l HL $K%i %s %/ 2 $N FC 0[9T Ns $G $" $k ) !#$3 $l $i $r <! $N$h $& $K L$ CN$N %N %$ %: %l%Y %k � $H 4{ CN $N@5 5, 2= 6& J,;6 9T Ns V 0 [ x � ], V 0 [ x 0 � ] $KJ,2r$9$k!# V [ x � ] = � 2 V 0 [ x � ] ; V [ x 0 � ] = � 2 V 0 [ x 0 � ] (14) 5.1 0lHL%b%G%k BP1~E@$NAH f x , x 0 g $,6u4V$NF10lE@$rI=$9I,MW==J,>r7o$O x , Rx 0 , t $,6&LL$G$"$k$3$H$G$"$j!"<!$N %(%T6K@~J}Dx<0 $,F@$i $l$k ( j a ; b ; c j $O%Y%/%H%k a , b , c $N%9%+%i;0=E@Q ) !# j x ; t ; Rx 0 j = 0 (15) $3$l$O 4 <!85%G!< %?6u4V X = f ( x; y ; z ; x 0 ; y 0 ; z 0 ) j z = 1 ; z 0 = 1 g 2 R 6 $K M><!85 1 $N%b%G%k S $rDj5A $9$k!#L$CN?t$O 12 <!85 %Y%/%H%k u = ( t 1 ; t 2 ; t 3 ; R 11 ; R 12 ; :::; R 33 ) > $G$" $k$,!"<0 (15) $h $jJB ?J t $N@dBP CM$,L$ Dj$G$" $j!" k t k = 1 $H@55, 2=$9$k!# $^ $? ( R ij ) $O 2s E> 9T Ns $G $" $j!" <+ M3 EY $O 3 $G $" $k!# $7 $? $,$C $F!" %Q %i %a!< %? 6u 4V $O U $O 12 <! 85 6u 4V R 12 $N 5 <! 85 B? MM BN $G $"$k!# JB?J$N8m:9 JB?J $O2C K! 72$r :n$k $N $G!"7W ;; CM ^ t $H?? CM t $N8m :9 $O \ :9 " ^ t � t $GI> 2A $G$- $k!# $7$+ $7!" ^ t $b t $b C10L %Y %/%H %k $K@55, 2=$5 $l$F$$ $k$N $GC10L 5eLL >e$K94 B+$5 $l$F $$$k!#$= $3$G 8m:9$O >.$5 $$$H2> Dj$7 $F8m:9 $r t $K$* $1$k@\ J?LL $K<M 1F $7!"JB?J$N8m:9$r<!$N$h$&$KDj5A$9$k!# � t = P t ( ^ t � t ) (16) $3$3$K P t (= I � tt > ) $O t $K?bD>$JJ?LL>e$X$N<M1F9TNs$G$"$k ( I $OC10L9TNs ) !# 2sE>$N8m:9 2sE> $O>h K!72 $r:n $k$N $G!" 7W;; CM ^ R $H ??CM R $N 8m :9$O \ >& " ^ R R � 1 (= ^ R R > ) $G I>2A $G$- $k!#$3 $l$O Aj BP2s E> 9TNs$G$"$j!"$=$N2sE><4$r l ( C10L%Y%/%H%k ) !"2sE>3Q � $H$7!"2sE>$N8m:9$r<!$N%Y%/%H%k$GI=$9 17 � = � l (17) 15 :G6a$O<M1F 4v2?3X $rMxMQ $7$?L$ 9;@5%+%a %i$K$h $k#3<! 85I|85 K! ( <+8J9; @5K! ) $N8& 5f$,@9 $s$G$"$k $,!"8m:9 $KBP$9 $k:GE, @-$rO@ $8$k$K $O%+%a %i9;@5$O IT2D 7g$G$" $k!#<M 1F4v 2?3X $O \ 4X78 " $N 5-=R $G$" $j!" DjNL E*$J 0UL# $r$b $?$J $$!#8m :9$O J* M}E* $J2h A|LL $K@8 $8$k $N$G $"$j!" \ F1 <!:B I8 $N8m :9 " $J$I 0UL# $r;} $?$J $$ $+$i!" \ F1<! :BI8$K$h$k:G >.Fs>hK! " $J$I $O@5Ev2=$5 $l$J$$!#8m:9$K 4X$9$k:GE, 2r$r5a$a$k$K $O!"<M1F4v2? 3X$K4p$E$/<+ 8J9;@5K!$N 2r$r=i4|CM $H$7!"$=$N9;@5 7k2L$K4p$E$$$?:GE,<jK!$r2~$a$F$[$I$3$9I,MW$,$"$k!# 16 $3$l$i$OFCD’E@$NF1<!:BI8$r@.J,$H$9$k%Y%/%H %k$H$_$J$;$k$+$i<M1F4v2?3XE* \ 4X 78 " $,4J7i$KI=8=$G$-$k!#F1;~$KD9$5 $OJ*M}E*0UL#$r;}$C$F$$$k$+$i8m :92r@O$b2DG=$H$J$k!# 17 $3$N $h $& $J %Q %i %a!< %? 2= $O 2s E> $N A4 BN $, %j!< 72 ( 2s E> 72 ) $r :n $k $3 $H $K Ce L\ $7 $F $$ $k!# $3 $N $H $- L5 8B >. 2s E> $N A4 BN $O %j!< Be ?t $H $$ $& 9= B$ $r $b $A!" <0 (17) $O$=$NI=8=$G$"$k [4] !#Nc$($P2sE>$K4X$9$k:GE,2=$r9T$J$&>l9g$b$3$NI=8=$,M-8z$G$"$k [17, 25] !#

0J>e$h$j1?F0%Q%i%a!<%? f ^ t , ^ R g $N6&J,;69TNs$r<!$N$h$&$KDj5A$9$k ( <0 (5) ;2>H ) !# V [ ^ t ] = E [� t � t > ] ; V [ ^ t ; ^ R ] = E [� t � > ](= V [ ^ R ; ^ t ] > ) ; V [ ^ R ] = E [� � > ] (18) $3$N$H$-<0 (6) $N2<3&$O<!$N$h$&$K=q$1$k!# 0 @ V [ ^ t ] V [ ^ t ; ^ R ] V [ ^ R ; ^ t ] V [ ^ R ] 1 A � � 2 0 @ P N � =1 � W � � p � � p > � P N � =1 � W � � p � � q > � P N � =1 � W � � q � � p > � P N � =1 � W � � q � � q > � 1 A � (19) � p � = � x � � R � x 0 � ; � q � = ( � x � ; R � x � 0 ) t � ( t ; R � x 0 � ) � x � (20) � W � = 1 ( t � R � x 0 � ; V 0 [ x � ]( t � R � x 0 � )) + ( t � � x � ; R V 0 [ x 0 � ] R > ( t � � x � )) (21) $3$N2<3&$rBh#16a;w$K$*$$$FC#@.$9$k:GL‘?dDj$O<!$N4X?t$N:G>.2=$H$J$k [6, 10] !# J [ t ; R ] = N X � =1 j x � ; t ; Rx 0 � j 2 ( t � R � x 0 � ; V 0 [ x � ]( t � R � x 0 � )) + ( t � � x � ; R V 0 [ x 0 � ] R > ( t � � x � )) : (22) D>@\E*:G>.2=$O?tCMC5:w$rI,MW$H$9$k$,!">e<0$K$*$$$F F = t � R (23) $HCV$/ $H!" 9T Ns F $K 4X$9 $k <!$N 4X ?t $N:G >. 2=$H $J $k ( %Y %/%H %k v $H 9T Ns T $N@Q v � T $O v $H T $N 3F Ns $H$N %Y %/%H %k @Q $rNs $H$9$k9TNs ) !# J [ F ] = N X � =1 ( x � ; F x 0 � ) 2 ( F � x 0 � ; V 0 [ x � ] F � x 0 � ) + ( F > � x � ; V 0 [ x 0 � ] F > � x � ) : (24) F $r 4p K\ 9T Ns $H 8F $V!# >e <0 $r :G >. 2= $9 $k 4p K\ 9T Ns F $r 5a $a!" $= $l $r 1? F0 %Q %i %a!< %? f t , R g $K J, 2r $9 $k J} K! $r @~ 7A 2= <j K! $H 8F$V!# >e<0 $N :G >. 2= $O!V$/ $j $3 $_ K!!W$H 8F $V <j K! $K$h$C $F 4J C1 $J7W ;; $G <B 8= $G$- $k!# $5 $i $K$3 $l $K !V:G E, Jd@5!W [9, 10] $H 8F $V<jK!$rAH$_9g$o$;$k$H 18 !"<0 (22) $ND>@\:G>.2=$HF1DxEY$N@:EY$,C#@.$G$-$k [6] !# %+%a%i$,L$9;@5$N$H$-$O<0 (15) $O@.N)$7$J$$$,!"G$0U$N2hA|:BI87O$HG$0U$N6u4V:BI87O$KBP$7$F$"$k9TNs F $,B8:_$7$F ( x ; F x 0 ) = 0 (25) $,@. N) $9 $k!# $3 $l $b %( %T 6K @~ J} Dx <0 $H 8F $S!" F $r 4p AC 9T Ns $H 8F $V!# $3 $N $H $- $N 4p AC 9T Ns F $N :G E, $J ?d Dj $O $d $O $j <0 (24) $N :G>. 2= $H $J $k 19 !# $7 $? $,$C $F 4p AC 9T Ns $N ?d Dj $K $b !V$/ $j $3 $_ K!!W $, E, MQ $G $- $k!# %+ %a %i $, 9; @5 $5 $l $F $$ $k $+ $I $& $+ $O 9T Ns F $,<0 (23) $NJ,2r$r$b$D$+$b$?$J$$$+$N0c$$$N$_$G$"$k!# 5.2 J?LL%b%G%k 6u4V $K J? LL$r 9M $(!" C1 0L K! @~ %Y%/ %H %k $r n !" 86 E@ O $+ $i $N 5w N% ( n $N J}8~ $K @5 ) $r d $H $7!" f n , d g $r J? LL %Q %i%a!< %? $H 8F $V!#BP1~E@$NAH f x , x 0 g $,$3$NJ?LL>e$NE@$rI=$9I,MW==J,>r7o$O<!$N$h$&$K=q$1$k [10, 14] !# x 0 � H x = 0 ; H = R > ( tn > � d I ) (26) H $O 2h A| LL >e $K 0z $- 5/ $3 $5 $l $k <M 1F JQ 49 $r I= $9 9T Ns $G $" $k!# <0 (26) $O 4 <! 85 %G!< %? 6u 4V X = f ( x; y ; z ; x 0 ; y 0 ; z 0 ) j z = 1 ; z 0 = 1 g 2 R 6 $K M> <! 85 2 $N %b %G %k S � $r Dj 5A $9 $k!# L$ CN %Q %i %a!< %? $O H $G $" $k $,!" <0 (26) $+ $i %9 %1!< %k $, L$ Dj $G $" $k $N$G k H k = 1 $H@55,2=$9 $k!#$3$N7k2L!"%Q %i%a!<%?6u4V U $O 9 <! 856u4V R 9 $N 8 <!85B?MMBN$G $"$k!#<M1FJQ 49 H $N :GE,2r $O<!$N:G>.2=$K$h$C$FF@$i$l$k ( @Q v � T � v $O v � T ( v � I ) > $NN,5- ) [10, 14] !# 18 9TNs F $, <0 (23) $N$h $&$KJ, 2r$5 $l$k$? $a$K $O!"$=$N 8GM- CM$, 1, 1, 0 $G$J $1$l $P$J$i $J$$ [5] !# $3$l$O det F = 0, k F k = k FF > k = p 2 $HF1 CM$G $" $k [5]( k � k $O 9TNs$N %f!<%/%j%C%I %N%k%‘ ) !#$3 $N>r7o $OFC0[CM J,2r$K$h$C $F4JC1 $K2]$9$3 $H$,$G$- $k$, [5] !"$3 $l$O9TNs $N6u4V$G $N:G>. Fs>hK!$K AjEv$7$F $$$k $N$G!"@:EY $N$h $$2r$O F@$i $l$J $$!#$=$l $KBP $7$F 4pK\9T Ns$N 6&J, ;6%F%s %=%k $r9M N8$7!" >r7o$r K~$? $96u 4V$XE} 7WE* $K:G E,$K<M 1F ( %^%O %i%N %S%9<M 1F ) $9$k $N$, !V:GE,Jd@5!W$G$"$k [9, 10] !# 19 G$0U $N2h A| :B I8 7O$H $$$C $F $b!"$= $N 2h A| :BI8 7O $K 4X$7 $F 8m :9 $N5s F0 $, ( Dj ?t G\$r =| $$ $F ) 4{CN $G $J $1 $l$P $J $i $J$$!# %( %T 6K @~J} Dx <0 (25) $O 2h A|$d 6u 4V $N <M1FJQ49$K 4X$9 $kITJQ <0 ( <M1F4v 2?3XE* \ 4X 78 ") $G$" $k$,!"8m :9$O \ 7WNL E* " $J@-<A $G$"$j!" <M1F JQ49$r ;\$9$H 0lMMEy J}8m :9J,I[ $,Hs0l MMHsEy J}J, I[$K$J $k$J $I!"7WNLE*$J@-<A$,J]B8$5$l$J$$!#$7$?$,$C$F!"<B:]$K$OL$9;@5%+%a%i$H$$$C$F$b!"6a;wE*$K9;@5$5$l$F$$$J$1$l$P$J$i$J$$!#

J [ H ] = N X � =1 ( x 0 � � H x � ; W � x 0 � � H x � ) (27) W � = � x 0 � � H V 0 [ x � ] H > � x 0 � + ( H x � ) � V 0 [ x 0 � ] � ( H x � ) � � 2 (28) <0 (27) $N :G >. 2= $K $b !V$/ $j $3 $_ K!!W $H $h $V <j K! $, E, MQ $G $-!" 4J C1 $J 7W ;; $G 2r $, 7W ;; $G $- $k [10, 14] !# <M 1F JQ 49 H $, F@ $i $l $l $P!" <0 (26) $N Bh 2 <0 $r K~ $? $9 1? F0 %Q %i %a!< %? f t , R g $H J? LL %Q %i %a!< %? $, ( %9 %1!< %k $r =| $$ $F ) 2r @O E* $K 7W ;; $G $- $k [10, 14] !#<0 (27) $N:G>.2=$O%+%a%i$,9;@5$5$l$F$$$k$+H]$+$K$+$+$o$i$:!"2hA|>e$N<M1FJQ49$N:GE,$J?dDj$H$J$C$F$$$k 20 !# 5.3 =c?h2sE>%b%G%k JB?J$, 0 $G %+%a %i $,%l %s%: Cf?4 $N <~$j $r2s E> $9$l $P2? $N#3 <! 85>p Js$b F@ $i$l $:!"%+ %a%i $N 2sE> R $N$_ $,?d Dj$G $- $k!#BP 1~ E@$NAH f x , x 0 g $,6u4V$NF10lE@$rI=$9I,MW==J,>r7o$O<!$N$h$&$K=q$1$k!# x � R x 0 = 0 (29) $3$l $O 4 <! 85 %G!<%? 6u 4V X = f ( x; y ; z ; x 0 ; y 0 ; z 0 ) j z = 1 ; z 0 = 1 g 2 R 6 $KM> <! 85 2 $N %b %G %k S R $r Dj 5A $9 $k!#%Q %i %a!< %? 6u 4V U $O 2s E> 9T Ns R $N A4 BN $G $" $j!" 9 <! 85 6u 4V R 9 $N 3 <! 85 B? MM BN $G $" $k!# 2s E> R $N :G E, 2r $O <! $N :G >. 2= $K $h$C $F F@ $i $l $k [10] !# J [ R ] = N X � =1 ( x � � Rx 0 � ; W � x � � R x 0 � ) (30) W � = � ( R x 0 � ) � V 0 [ x � ] � ( Rx 0 � ) + x � � R V 0 [ x 0 � ] R > � x � � � 2 (31) $3$N>l9g$bLdBj$rE,Ev$KJQ7A$9$l$P!"!V;M85?t!W$rMQ$$$?!V$/$j$3$_K!!W$K$h$C$F7W;;$,4JC12=$5$l$k [18] !# 6 $^$H$a K\O@ J8 $G $O 94 B+ >r 7o $K 4p $E $$ $? 8m :9 $N $" $k %G!< %? $+ $i $N ?d O@ $r !V%b %G %k Ev $F $O $a!W $H $7 $F Dj <0 2= $7!" 0l HL E* $J ?t 3X E* OH AH $_$r M? $( $?!# K\ O@ J8 $N %a%C %;!< %8 $O C1 =c $G $" $k!# 8m :9 $N $" $k %G!< %? $X $N Ev $F $O $a $K LU L\ E* $K :G >. Fs >h K! $r E, MQ $7 $F $O $J $i $J $$!"8m :9 $N 86 0x $r Cm 0U ?< $/ 9M ;! $7!" $= $N 5s F0 $r E} 7W E* $K %b %G %k 2= $7!" $= $l $+ $i @: EY $N M} O@ 8B 3& $r F3 $/ $H $H $b $K!" $= $N 8B 3& $r E~C#$9$k:GE,$J7W;;K!$rF3=P$;$h!"$H$$$&$3$H$K?T$-$k!# =>Mh!"B? $/$N M}O@ E* $J8& 5f!"FC $K9b 5i $J<M 1F4v 2?3X $r MQ$$ $k$b $N $K!"8m :9$r $I$& %b %G%k 2=$9 $k$+ $K ?($l $J$$ $G \ :GE, 2= " $r 5DO@ $9 $k $b $N $, Hs >o $K B? $+$C $?!# $= $l $i $O $? $$ $F $$!" 8m :9 $, $I $N JQ ?t $K $J $< 4^ $^ $l $k $+!" $= $l $, F1 <! :B I8 $+ Dj ?t $+ $J $I $r L5 ;k$7$F:G>.Fs>hK!$rL5:9JL$KMQ$$$F$$$k 21 !#FC0[CMJ,2r$b9TNs$N6u4V$N:G>.Fs>hK!$K$[$+ $J$i$J$$$,!"$3$l$b8m:9$NM3Mh$r9M N8$;$:$KMpMQ$5$l$F$F$-$? 22 !#$7$+$7!":G6a$G$O8m:9$K4X$9$kE}7WE*$J9M;!$H$=$l$K4p$E $/7W;;K!$N=EMW$5$,<!Bh$KG’<1$5$l $D$D$"$k!# Nc$( $P!" #3 <! 85 I| 85 $K $* $$ $F 1? F0 %Q %i %a!< %? $, F@ $i $l $? 8e $K J* BN $N 7A >u $r 7W ;; $9 $k $H $-!" 2r $N %+ %a %i 0L CV $+ $i $N Fs $D $N ;k @~$O 8m :9 $N $? $a $K 8r $o $k $H $O 8B $i $J $$!# => Mh $O ;k @~ $r 7k $V :G C; @~ J, $N Cf E@ $r $H $k $J $I $N 7A <0 E* $J =h M} $, $5 $l $k $3 $H $, B? $+$C $?$,!" Hartley $i [2] $O 8m:9$, 2hA| >e$K@8 $8$k$3 $H$+$i!" BP1~E@ $r%(%T 6K@~ J}Dx<0 $,87L) $K@.N) $9$k$h $&$K :G>.Fs >h$N0U L#$G Jd@5 $9 $k $3 $H $r Ds >’ $7 $?!# $= $7 $F!" 94 B+ >r 7o $r E, @Z $K %Q %i %a!< %? 2= $9 $k $H 2r $, 6 <! J} Dx <0 $r 2r $$ $F F@ $i $l $k $3 $H $r <( $7 $?!# $3$l$KBP$7$F T orr $i [21] $O<0 (10) $K4p$E$/:GE,Jd@5$NJ}K!$,$9$0$l$F$$$k$3$H$r;XE&$7$F$$$k 23 !# 20 $b$A$m$s!"%+%a%i$,L$9;@5$G$"$l$P9TNs H $r<0 (26) $NBh 2 <0$N$h$&$K1?F0%Q%i%a!<%? f t , R g $HJ?LL%Q%i%a!<%?$KJ,2r$9$k$3$H$O$G$-$J$$!#<0 (26) $b 2hA|$d6u4V$N<M1FJQ49$KBP$9$kITJQ<0$G$"$j!"G$0U$N2hA|:BI87O$HG$0U$N6u4V:BI87O$G@.N)$9$k!#$7$+$7!"8m:9$N7WNLE*$J@-<A$OJ]$?$l$J$$!# 21 8m:9$r9MN8$7$? \ E}7W E* " $J5DO@$K8+ $($F!"<B$OH] $J$k5DO@$b$" $k!#Nc$($P!"8m :9$N$J$$%G!< %?$KBP$7$F (...) = 0 $H$J$k<0$, 8m:9$N$"$k %G!<%?$KBP$7 $F @.$jN)$?$J$$$H$-!" (...) $NItJ,$,2?$G$"$k$+$K$+$+$o$i$:!" \ 1&JU " $K8m:9$,F~$k$H$7$F (...) = " $H=q$-D>$7!" " $,@55,J,I[$K=>$&$H2>Dj$7$F!":G>.Fs>hK! $rMQ$$$k$N$,:GE,$G$"$k$J$I$H<gD%$9$k$b$N$b$"$k!# 22 0x;RJ,2r K! [20] $H8F $P$l$k <jK! $bFC 0[CMJ, 2r$7 $F>.$5 $$FC 0[CM $r@Z$j <N$F $k$H$$ $&<j B3$- $r$H$j!" 8m:9 $NE} 7WE*$J @-<A $r9MN8 $7$F $$$J $$!#$7$? $,$C$F!" $=$N2r$OE}7WE*:GE,2r$rF@$k$?$a$N=i4|CM$H$7$F$N0UL#$7$+$J$$!# 23 ... Comparisons of the computation of ^ x and ^ x 0 b y Hartley and Sturm’s metho d and that of Kanatani hav e again sho wn agreemen t to three or four signi�can t �gures, as men tioned, but Kanatani’s metho d is sev eral orders of magnitude faster, b eing a linear metho d and hence preferable for rapid ev aluation purp oses. ... ( J88% [21] $h$j )

K\O@ J8 $K <( $7 $? $h $& $K!" #3 <! 85 I| 85 $N $? $a $N %b %G %k Ev $F $O $a $b ?t 3X E* $K $O 6J @~ Ev $F $O $a $H F1 $8 9= B$ $r $b$C $F $$ $k!# Zhang [26] $O %3 %K%C %/ Ev $F $O $a $K $* $1 $k !V$/ $j $3 $_ K!!W $r 2{ 5? E* $K >R 2p $7 $F $$ $k $,!" Leedan $i [16] $O 4p AC 9T Ns $N ?d Dj $H %3 %K%C %/ $NEv $F $O $a $, ?t 3X E* $K $O F1 $8 9= B$ $r $b $D $3 $H $r ;X E& $9 $k $H $H $b $K!" !V$/ $j $3 $_ K!!W $* $h $S $= $N JQ 7A $K $h$C $F 6K $a $F @: EY $N $h $$?dDj$,$G$-$k$3$H$r<B>Z$7$F$$$k!#:#8e$3$N$h$&$JE}7WE*$J5DO@$,?<$^$j!"@:EY$N9b$$<jK! 24 $,DjCe$7$F$$$/$3$H$,4|BT$5 $l$k!# <U<- : K\8&5f$N0lIt$OJ8It>J2J3X8&5fHq4pHW8&5f#C (No. 09680352) $K$h$C$?!# ;29MJ88% [1] M. A. Fisc hler and R. C. Bolles, Random sample consensus: A paradigm for mo del �tting with applications to image analysis and automated cartograph y , Comm. A CM , 24 -6 (1981), 381{395. [2] R. I. Hartley and P . Sturm, T riangulation, A meric an Image Understanding Workshop , 1994, pp. 957{966. [3] Iman T riono and K. Kanatani, Automatic recognition of regular �gures b y geometric AIC, Pr o c. IAPR Workshop Machine Vision Applic ations, T okyo, Jap an, 12{14 Novemb er 1996 , pp. 393|396, 1996. [4] K. Kanatani, Gr oup-The or etic al Metho ds in Image Understanding , Springer-V erlag, Berlin, German y , 1990. [5] K. Kanatani, Ge ometric Computation for Machine Vision , Oxford Univ ersit y Press, Oxford, U.K., 1993. [6] K. Kanatani, Renormalization for motion analysis: Statistically optimal algorithm. IEICE T r ans. Inf. & Sys. E 77-D -11 (1994), 1233{1239. [7] 6bC+7r0l , Ev$F$O$aLdBj$N:GE,?dDj$H@:EY$NM}O@8B3& , >pJs=hM}3X2qO@J8;o , 3 -8 (1995), 1865{1873. [8] 6bC+7r0l , 2hA|M}2r$N$?$a$NE}7W3X : 2hA|$N4v2?3XE*2r<a$N?.Mj@-I>2A , >pJs=hM} , 37 -1 (1996), 52{60. [9] 6bC+7r0l , 4v2?3XE*Jd@5LdBj$N:GE,7W;;$H@:EY$NM}O@8B3& , >pJs=hM}3X2qO@J8;o , 37 -3 (1996), 363{370. [10] K. Kanatani, Statistic al Optimization for Ge ometric Computation: The ory and Pr actic e , Elsevier Science, Amsterdam, The Netherlands, 1996. [11] K. Kanatani, Automatic singularit y test for motion analysis b y an information criterion, Pr o c. 4th Eur op e an Conf. Computer Vision , Cam bridge, UK, April 1996, pp. 697{708. [12] 6bC+7r0l , >pJsNL4p=‘$K$h$k4v2?3XE*%b%G%kA*Br , >pJs=hM}3X2qO@J8;o , V ol. 37, No. 6 (1996-6), pp. 1073{1080. [13] 6bC+7r0l , <+8JI>2A$rH<$&%"%/%F%#%V%S%8%g%s , F|K\%m%\%C%H3X2q;o , 15 -2 (1997), 268{274. [14] K. Kanatani and S. T ak eda, 3-D motion analysis of a planar surface b y renormalization. IEICE T r ans. Inf. & Syst. E 78-D -8 (1995), 1074{1079. [15] Y. Kanaza w a and K. Kanatani, In�nit y and planarit y test for stereo vision, IEICE T r ans. Inf. & Syst. , E80-D -8 (1997) to app ear. [16] Y. Leedan and P . Meer, Estimation with bilinear constrain ts in computer vision, Pr o c. Int. Conf. Computer Vision , Jan uary 1998, Bom ba y , India, to app ear. [17] R. Lenz, Some applications of represen tations of Lie algebras and Lie groups, in G. Sommer and J. J. Ko enderink (Eds.), A lgebr aic F r ames for the Per c eption-A ction Cycle , Lecture Notes in Computer Science 1315, Springer, Berlin, 1997, pp. 114{125. [18] B@ ED D> :H , 6b C+ 7r 0l , #3 <! 85 2s E> $N :G E, ?d Dj $H ?. Mj @- I> 2A , EE ;R >p Js DL ?. 3X 2q %Q %?!< %s G’ <1!& %a %G%# %" M} 2r 8& 5f 2q , PRMU97 (1997- 10). [19] B@EDD> :H , 6bC+ 7r0l , LZ B<OB 9- , $7$- $$CM$r MQ$$$J $$%*%W %F%#%+%k %U%m!<$+ $i$N0\ F0J*BN 8!=P , >pJs=h M}3X2q %3%s%T%e!< %?%S%8%g %s$H%$ %a!<%8%a%G%#%"8&5f2q , 97-CVIM-105 (1997), 55{60. [20] C. T omasi and K. Kanade, Shap e and motion from image system streams under orthograph y|A factorization metho d, Int. J. Comput. Vision , 9 -2 (1993), 137{154. [21] P . H. S. T orr and A. Zissermann, P erformance c haracterization of fundamen tal matrix estimation under image degradation, Machine Vision Appl. , 9 (1997), 321{333. [22] P . H. S. T orr, An assessmen t of information criteria for motion mo del selection, Pr o c. IEEE Conf. Computer Vision and Pattern R e c o gnition , June 1997, Puerto Rico, pp. 47{53. [23] P . H. S. T orr, A. FitzGibb on and A. Zisserman, Main taining m ultiple motion mo del h yp otheses through man y views to reco v er matc hing and structure, Pr o c. Int. Conf. Computer Vision , Jan uary 1998, Bom ba y , India, to app ear. [24] P . H. S. T orr, Geometric motion segmen tation and mo del selection, Phil. T r ans. R oy. So c. , A-356 (1998), to app ear. [25] ET C^ 9- 9T , B@ ED D> :H , 6b C+ 7r 0l , :G E, $J %m %\%C %H $N 0L CV 7h $a $H $= $N ?. Mj @- I> 2A : 0l HL $N 1? F0 , >p Js =h M} 3X 2q %3 %s %T%e!< %? %S %8%g %s $H %$ %a!<%8%a%G%#%"8&5f2q , 97-CVIM-108 (1997-11). [26] Z. Zhang, P arameter estimation tec hniques: A tutorial with application to conic �tting, Image Vision Comput. , 15 (1997), 59{76. 24 E}7WE* :G E, 2=$O %" %&%H %i %$%" $, $J $$$H $$ $&A0 Ds $K N)$C$F $$ $k!#K\ O@ J8$G $b %" %&%H %i %$%" =| 5n$N <j K! $K$D $$ $F=R $Y $?$,!" => Mh %"%& %H %i%$ %" $H$O 2> Dj $7$? J, I[ \ 0J 30 " $NJ, I[$K =>$& %G!<%? $H$_ $J$5 $l$F $- $?!#$= $N$h $&$J $"$$ $^$$ $JDj 5A$G $O 8z2L $b8B Dj$5 $l$k!# :G6a $G$O!" $h$j 8z2L $r 9b$a $k$? $a$K $=$l \ 0J 30 " $NJ, I[ $r%b%G%k2=$7!">pJsNL4p=‘$J$I$N$h$k!V%b%G%kA*Br!W$K5"Ce$5$;$k$3$H$,;n$_$i$l$F$$$k [23, 24] !#