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Unraveling the Mystery of Renormalization
Kenichi Kanatani
Department of Computer Science, Okayama University, Okayama 700-8530 Japan

Since the author presented his renormalization method, many questions and doubts have been raised about its
justification. This paper demonstrates by rigorous error analysis that it is not an approximate solution technique
for MLE (maximum likelihood estimation) but rather a method so constructed as to attain the theoretical accuracy
bound (KCR lower bound). In this sense, renormalization is different from the HEIV of Leedan and Meer and
the FNS of Chojnacki et al., both of which are solution techniques for MLE. However, we demonstrate by higher
order analysis that the accuracy of renormalization is identical to MLE up to higher order terms. This analysis
also implies the existence of better methods than MLE.

1. dOo4dod obobooooooboobooboboboooooo
O000O000OFNSOO HEIVOOOOOOOOO
oooobooog
gboobooboboboobooboboooooboooo
oboooooooooboboboboooooo
gbooboobooooooooboooooooboo
000000000 FNSOO HEIVODOODOOO
000000000000 0000O0ooootoo
obooobooooooobooooobooobooa
booooooooooobooboooooboooon
O““Co”00oboogno
gboboboboboobooboobooooooo
obobooooooooboobooboboooooo
ooooooooooooooobooboooooooo
ooooboboooooboooooboobooonog

O0o00o0oooooooooooooooooo
0o00000oooO0o00o0ooooooooono
gbobooboaobbooboobboobadan
000000 [moooo0oooooooooooo
0000000000 MKCROOONOODOOO
O00U0oU0oUo Yuoooooooooooo
goboobogoobooboobooooboon
o0000ooO00o00boooO00000ooo00n
0000o0o0o0ooOooooooooooo 12, 13]0
00000o0o0oO0o0000ooO00000o0o0o000
oo0oooooooo
gbobooboobbooboobooobod
gbooooobooboobooobooobooooon
goboobboooboobooboboooboooobn
000D000OChojnackiO [2,3,4,5|0000000 2. JO0000OO0O0O0O0O KCROO
0000000 (Rationalising the renormalisation
method of Kanatani)D OO OO OO [2100000
000o0o0ocOo0oo00oo0o0ooO0oo0o0o
00000000000 00000000FNSOO
00000 [3]J00000Leedan O [14] OO HEIV
000 FNSOOOO0O0O0000000000000
oooooao (50 F(z;u) =0 (1)
O000C000O000Chojnacki 0O OFNS OO T
HEIlVOOOOOOOOOODOOOOO0OO0OO0O0O0n boooooononononon @ = (@y) 0o
00 1)00000000000000000000000

1700-8530 000000 3-1-1, TEL/FAX: (086)251-8173 Chernov 000 00000000000000D0CO0O0O0OO0O
E-mail: kanatani@suri.it.okayama-u.ac.jp goo0ooooooooOoUoooooooooooooooo

00000000000000000000000
00000000000000000000000
00000000000 900000000000
000000 NODDOO {(ze,5,)} 0000000
0000000000000




000000000000000 u = (uy, ...
ooooo
0000000000000000000000
00000000000000000000000
000000 “00”00000000000000
00000000000000000000000
00000000000000000000000
000000000000000000000000
00000000000000000000000
ODo0000ooooooo (60

000 {(Fay¥e)} 000000000z, =
(Tay¥o) 00000 F(za;u) =00 a=1,.., N
0000000000000 «000000000
000000000 «0000000000000
Ow0000«0000 {z,}0000000

7UP)T

u= ﬁ(ml,

(2)

0000000000000 «0«00000000
OO000D0«000000

aa:N)

0000200000 2, 000000 22,0000
ubobooboooobob e0oboooooon
gooobooogn

Ty = Ty + Az, Axzy~ N(0,2I)  (4)

000:00000000000000000000
0000 «000000000000000000
000038, 9]0

0000-000000000000000000
00000000000000V.F, 00 (1)00
0 Flz;w)0 w0000000 2 =2,00000
000000D00O0Chernovd [1]00 (5) 0000
KCROOOOOOOOOOOOOOOO0O0O0O000O

0000000000 ay 0000000000
Vlane) 0 O(*) 000000 KCROOOOOOO
00000000490

2000000 wVia] = E|le—«/|?) 00000000000

300 M)0D0O00O0000000000000000000
000000000000000000000000 00000
oooooog 8,90

400 11)0000000000000000 Chernov O [1]
000000o00000oooooooon

16

3. DDougaooo

0000000000000000000000
000000 (1)000000000000000
oooooo

(€(xa),u) = 0. (6)
000 &(-)0mO0000000 p000000
00000000000000000«00000
000000000 |u|=10000000

00 10 0000 NO {(za,¥a)}, =1, ..., NO
00000000000000000000000
0000000000000000000

A2 +2Bxoyo +Cy2 +2(Dxo+ Eys)+F =0 (7)
0ooooooo

E(z,y) = (2 22y y* 22 2y 1)"

u=(ABCDETF)" (8)

000000 () 0000oooooo O

00 200000000000000004040 200
00 NOOUOOOUOOOOOOOO0O0OO00 (e Ya)
0ooo0oooo («,y,) 0000000000000
oooooooooo mmobbobobbbboobog

To al,
(| % |.F| v, |)=0 9)
1 1

O000o0boooooooooooooo [G]DDDD
E(z,y 2,y )=’ zy zya’ yy' ya' Y 1)T
u=(F11 Fiz Fi3 Fa Fay Foy F3; F3p Fs3)' (10)

000000 (p)00o0ooooouo O

000000000 (60000000 (5000
0 KCRODOO O 000000000000°%0
9]0

N z =T
A EE -
VKCRU=€2< A)
e Ve ATATY
Jo0ddoooono —ogoooooooooooood
D000D00&, 0000 2,000 £,(Z,) 00

00000000 Vlg,)0 é(x,) 00000000

(11)

S000 000000 «00000000000000 (1)
gooooooooooOoooOOobOo0o00ooooooOoOboD
000o0o0oo0ooooooOoooooo 9o



00000000 e010000000000000 OKCROOO Vkerlé] =e2M- 000000000
000000 O0(E*H)000000000000000 MO {¢,}000 {z,}) 000000000 MO
00000000000000000000000

-
Vol€al = Vx€a Vx€a (m)DDDDDDDMDATUDDDDDD%«MW
00D Vi€, 0&=x)0mxpdDOonoo 000000000000000 Vkerle]ODOODO
061 /0n1 - 0€, )0 0000000000000000 MOOOO 00
V.- : . : (13) 0000000000000000
: ' 000w0O MOOOOD 00000000000
06/ Oxm - 06/ Om 00000000 (6,,w)=00000000000
Dz=2,00000000000 oooooooon
4. 00000000 Y Ebau Y (&
' =2 G volew ZUVO )ZO
0(11)0000000000000000000 = = (15)

000000 40000000000000000  goppooooooooo Moooooooon

0 (11)boob0«bb0bb0b000b000 gpp (140 MODOOODODOODOO00DOO
000000000000000000000000 gopoooooo0oo MOOOOOOO0OOO

000000000000000000000000 gpgooo00O000ooooo0oeooon Al
0000000 KCROO (11)000000000 gopoooo00ood «0000000000
000D000000D000000000000000
D0000000000D0000 4000000

gooooobbobobbooooooout pild poOo«0000000 MOOOOOO w000
000000 S~ '000000000«0000 QgQoooo00000000000000MO0 «
00000000000 (11)000000000 QgpOQ «0000000000 (16)000 iy
(---)"0 ---087'0000000000000 QpoUOUOOO0O0O00OOO0O0O00O0O0000
gooooad 00w O00i=0,1,2,.00000000000
000 KCRODO Vker[2|" 0000040000 400 (16)000000000000000000
O0u0 Vker[]OODD O0OO0ODO0O0OOUOO0O0O gooOooOO
D0ODO000D0OD0ODO000KCROO Vkerl#] pOOOOOO0 0000000000000
000000000 «0000000000000 pgopooo0n
0DOo0o0ooooon _
000000000000000000000 KCR o =&t AL, (17)
00 Vker[@)]0DOODOOODO {2,})000000 0OOOOOOO0 MOOOODOOOOOOOOOOOO
«00000000000000000000000

Mu = A\u (16)

- AM =M - M
0000000{z,}0000 {z,} 0000000 N Nt
000«w0000000000000000000 :E:@ﬁA£KG+A5 2: £aba
00000000000000000000000 a=1 (u, Voléal o= (. Volgalu)
000 «0000000 KCROOOOO O(4) O _f: AEE] gAg i Ag Ag
000000000000000000000000 = (uw,Wlé,]u = £alu)
N
5. 000000000000 N ALE, +E,AE] >
= +O(e 18
2 uvilgw O s
0000 MOOOOO o
. 000000000000000MO M—AMO
K3
M — o 14y 0000000w0000000000 [9)0
ZUVO[&Q ( ) _
W=u+M AMu+ O(c?) (19)

e L 00 MOODOOD0OODO0O0000000000000
0000000000000 O0O0O0oOoooo (11) ooopooooooooo

17



gboooboooooboobooooooboo OooobooO NOODOOOODoOOoO

Via] = El(a - u)(i— )] Z V -
E[M AMuu' AMM |+0(e*) = (u, Vo€
= E[M"~ ZM ol 00000 (19Y00000D000000Do
a=1

(u, Vol€,]u) Ela] =u+ M Nu + O(c?) (23)

N AELEESNES s
;—VOSB o) M ]+0(e")

N r 22
=HM§:@£>@%)£%_ M =M —&°N (24)

M |+0(*
(w, Vol Ju) (. Valg Juy 1 FOC) o
000000AM =M-MOOOOO O0O000
UEMQA%WﬁﬁﬂNr4065 0 (23)00000000000000000000
57w, Vol€aJu)(u, Vol€5]u) KCROOOOOOODOOOOOO0D0O000000

000000000 (14900000

2
Il

—~ =

é
Pﬂz

L
@
Il

(1, 26 Vol WEnE) 7. 00000
Vol Vale Ju) M O

g
M=

mf - 0(4)00000 000000000000
2 ~
i §oba (e 00000 MOOOOOOO 000000000
et M 0" :
— (u, Vol€.]u) 00000000000000 0000 MO0
=M MM +0(¢*) =M +0(e*) 0000 ADO0D00D000D0O00D0DO 000
ZVKCR[ﬂ]+O(€4) (20) O00XN#£A000¢20 00000000000 cO

(M—-cN)ya=00000000
00006, 00000000000000a =4
000 1000000 0000000000000
000 2,000000000000000000 =A—c(a,Na) =0 (25)
E[AE,AEL] = 00sVol€,] 000000000000
000 O 00000000000000oooon
e0000000O0000 0000000000

00 c¢=)\(a,Na)0OODOOODOOOOOO MO
000000«0000000000000000
0000000000000 (7,9, 100

6. DOOOO 1. 000 wO000O¢=00000

2.0 (i—-1)000000 w_, 00000 (14),

0(200000000000000000000 M (220 00000000 M, NOOO M,_,
000000000000000000 @0 «00 N,,00000000

D0000000000000 O(EY)Dooo KCR

00000000000000 “007000000

00000000000000000000000

00000000000000000000000 I

booooo (7,9, 100 30000000000 w0 &0000000
0(18)0000000000000000000 Q00000

0000000000

(M,;l — C,;lNi,l)’UJ = \u (26)

gboogbabooboboobdobdd w0

A
E[AM] Ci +— Ci—1+ m (27)
N E[ALJEHELEAL]] N E[AE,AL]] 000w, v, 000000020000
_22 (u, Vo€, ]u) +Z;“%%EJW 000 wOd0000
N 2 N
B> (j“/go[[ﬁga]]w —N (21) Mis =) &.8. (28)

a=1

18



obooboooooooboooboooboooboog

goo
N

Jus = Z( >

a=1
gboboobobooboobooooog
O00000000O0O0O00o0ooOO (M—cN)u
=00000000000000000000040
00000 «0000000DC0000D000OO

u)? (29)

(i, (M — eN)at) = (@, M) — (i, Na) = 0 (30)
00000 000000000

(@, M)

T (@, Na) (31)

gbobooboobobooboobooooboan
00000« 0 MOOOOOOcOOOOOOOO
OO000oo000ooo0o0OoDooOoUOoDD ax~
w0000 000O00bo0oobobooooboo
(u, E[M]u)

Eld = (u, Nu) -

(u,e?Nu) _ 2
(u, Nu)

(32)

«0«000000000000000000000
O(¢9H)00000000(e3) 000000000000
000000 E[M—M]=e2N—E[c]N =0(*) 0
000000 (23)0000000000000000

8. UOOooon

0D0000D00000000000 (14) O
0000000 MOOOOOOOO0DO00000
00000000000000000 (14)0 MO
0000 (28)0 Ms 0000000000000
D0OMs000 My =" &€ ooooo
Misu=00000000000Mygiis = 00
00000 4s D000D0000D00000000
00D (140 MOOODOOODODOO0ODO00O0O
0oo

000D (140 MOOODODOODOO0000
D000000D0000000000000000
000DD0000000000000000000
0000000000000 000000 Choinacki
0[2000000000000000000000
0000000000000 KCROOOOOOOO
00000000000000000000000
0000D0000000000000000000
0000 KCROOOOOOOOOOOOO [11]0
ooooo

19

000000000000000000000 (23)
0000 2000000000000000000
00000 (23)000000000 0(?) 0000
00000200 0(3) 0000000000000
000000000 O(2) 000000000200
00000000000000000000000
000000000000000000000000
00000000 [12,13)0000000 Chojnacki
0 [3]0 FNSO O Leedan O [14] 0 HEIVO O OO
000000000000000000000000
000000000000000000000000
00000000000000000000000
0ooooo

0000000000000000000000
00000000000000000000000
000000000000000000000000
000000000000000 O(@)00000
0000000000000000000000

9. Doogogoo

0O (l6)0000oo0ooooooooooooo
gbooboobooboobooo

M =M +AM + Ay M, (33)
OD000A;, A, 00000 O(e), 0(e?) 00000
000 (18) 0000000000000

AE £ +€ AL}
AM = E: ZJu) (34)
N
A€, NE)
AyM = }: (Vi Ju (35)
D000 (16000000000
= (A A+ DA+ ) (u+ Aju+ Aou+--1)  (36)

000 O(1), O(), O(e3) 00000000000
000000000000000 AOO

Alu = —M_AlM’LL (37)
AQ’U, = 7M_A2M’U,+M_A1MM_A1M’U,

—||M~ A Mul|*u (38)

E[A/M]|=000000 E[Aju] =000000

0 E[A;M]=2NOOO000AxO000000



gooooboo

E[Agu] = —?M Nu+ M E[A,MM A, M]u

—B[|M~ A Mu|*|u (39)
E[|M A1Mu|?| =¢*r(M )000000000
BOOOODOOODOOO —2M NuwDOOODOOOO

0000000 agn000000O0CODOOOOE
g3dboobooboooboooobooo

E[ﬂRN] =u-+ MiE[AlMMiAlM]’u

—e*tr(M u + O(e?) (40)
10. OOO0O

0 (40)00000000000000O0O0OOOO
gbooooocobooooboobobobobaoo

0 (=0000000 22%0)
J = Z — 6 VOlE) (6, —E)) (A1)
goood
(€qu)=0, a=1,.,N (42)

000000000000 {Z},w0000000
0000e0000000000000000000
0000000000000 (1100000000
000000000000000000000 (1)0
0000000 (41)000000000 [9,11)0

=3 i

(43)
boooobobooobooooboobooon e
booooooboooobobobdgegbon
obobooooooooboobooboobooboooon
000000 Chojnacki O [3] 0 FNS OO O Leedan
0 [14] O HEIVOOOOO Mihlich O [15] 00O
obooooocoooooooboboboobon
Oo0o0oo00 ey, OO0O00DOOOO0DOOOO00OD0
0 43)0000000oooon

Z

a=1

Vol€aJu
'U, VO Ea )
(44)

Vel = Zuvosa

N T N
— éaéa _ ( a7u)2%[€a]
M=2 vt b= 2 gy
(46)

Chojnacki O [3] O FNS 00O O Leedan O [14] O
HEIVOOOO (45)00000000000000
ggoobbboooooobbbbooo

0 43)00000 |u|=1000000000
ooooooov,,JO«.000000000 00
0000000000000 000000 (43)0 u
gobO0O0ObOO0O0O0O«.O00DOOO0ODOOOOOOOOd
ooooo vVv,JOu«0O0O0bOoOoooDOOOOO
VoJ=00000|u/|=100000000000
oobooboooooboooogooo

00000 MOOOOO (33)~(35) 00000
gooobLrLoobooboobooood

LS (Eat AL wVolE,] _ (ALy wPVolE]
2 VlEJu)? (. VolE,Ju)?

= AL (47)

00000L=0,AL=000000000 (45)

ooooboooon

000 0(1), O(), 0(e3) 00000000000
gooooooOoOooOOoOOoOO0O cod
Alu = —MiAlM’U, (49)
AQU = —M_AQMU—FM_AlMM_AlM’U,
+M AyLu — |M Ay Mu|*u (50)
OD0000000E[Aw] =00000 E[A;M] =
eNOOOOO 4700 A, LOO0DD0O00OOO0OO

ooogd
N

Z

QVO[ga}]
— (u, VO oJu)?

(u, Vo[€,]u)?

(u, 2 Vol€a)w)Vol€a) _ o g~ Vol&dl
< (w Vol€,u)? 2 (u, Vo€, u)

N (51)

I
M=

Q
I
-

I
M=

Q]
N

00000 w0000 000000000000 poooOO0O0000 @y, 0000000000

obooooobooog

M = Li (45)

20

ugod

E[ﬁML] =u-+ MiE[AlMMiAlM]’U,



—<te(M Ju+ O(e") (52)

0000 (40)00000000O0OOOOOOODOO
1. 0000000 agpn0 ODDODO0O um, OO0
oo

E[ﬂRN — ﬁIML] = 0(84) (53)

2. gy, @y 000 KCROODOOODODOO(e2) 0
00000000000000000000

V[’&RN] = V['aML] + 0(86) (54)

11. 000

gboooboooooboboooooboooon

e 00000D0O0DODOODOOOOOO
KCROOOOOOODOOOODOOO00 O(e?)
000000000000000000

e 0000000000000 O0OO KCROO
0000000000000000 O(EY)00
00000000000000 0E®) 0000
0oooo

e 0000000D0DO000O0O0O0ODOOOOO
0 M EAMM A/Mlu000000

00000000000000000000000

00000000000000000000000

000000000

00d: 000db0ooobooooboooooooooa (2)
(No. 15500113) D 000000 Alabama OO0 Nikolai
Chernov0 000000000 Adelaide 0 00O Wojciech
Chojnacki 00000000 Taras Shevchenko 0O 00
O Alexander Kukosh OO OO OOOOO0O0O0OOOO

obooo

[1] N. Chernov and C. Lesort, Statistical efficiency of curve
fitting algorithms, Comput. Stat. Data Anal., 47-4
(2004-11), 713-728.

[2] W. Chojnacki, M. J. Brooks and A. van den Hengel,
Rationalising the renormalisation method of Kanatani,
J. Math. Imaging Vision, 14-1 (2001), 21-38.

[3] W. Chojnacki, M. J. Brooks, A. van den Hengel and D.
Gawley, On the fitting of surfaces to data with covari-
ances, IEEE Trans. Patt. Anal. Mach. Intell., 22-11
(2000), 1294-1303.

[4] W. Chojnacki, M. J. Brooks, A. van den Hengel and
D. Gawley, A new approach to constrained parameter
estimation applicable to some computer vision appli-
cations, Proc. Statistical Methods in Video Processing
Workshop, June 2002, Copenhagen, Denmark, pp. 43—
48.

[5] W. Chojnacki, M. J. Brooks, A. van den Hengel and

D. Gawley, From FNS to HEIV: A link between two vi-

sion parameter estimation methods, IEEE Trans. Patt.

Anal. Mach. Intell., 26-2 (2004-2), 264—-268.

R. Hartley and A. Zisserman, Multiple View Geome-

try in Computer Vision, Cambridge University Press,

Cambridge, U.K., 2000.

[6]

[7]
(8]

(9]

gooo,0000000oo0oooooooooo,oo
ooooooo, 35-2 (1994-2), 201-209.
Oodo,0booboboooboooboooooo, oo
0000oOooo, 36-8 (1995-8), 1865-1873.

K. Kanatani, Statistical Optimization for Geometric
Computation: Theory and Practice, Elsevier, Amster-
dam, The Netherlands, 1996.

00 o0o,00b0b0ob0ooobobobbooooooo
000 2003-CVIM-139-5 (2003-7), 33-40.

00 00,000000000 KCROOODODOOOO
000 2005-CVIM-147-8 (2005-1), 59-64.
ooobO,00b,00obbooboboobboobooobobooboo
Joo0o0o0o0oUU,0000o0oooo: CVIM 42-S1G
6 (2001-6), 1-8.

K. Kanatani, N. Ohta and Y. Kanazawa, Optimal ho-
mography computation with a reliability measure, IE-
ICE Trans. Inf. & Sys., E83-D-7 (2000-7), 1369-1374.
Y. Leedan and P. Meer, Heteroscedastic regression in
computer vision: Problems with bilinear constraint, Int.
J. Comput. Vision., 37-2 (2000), 127-150.

M. Miihlich and R. Mester, Unbiased errors-in-variables
estimation using generalized eigensystem analysis, Proc.
2nd Workshop on Statistical Methods in Video Process-
ing, May 2004, Prague, Czech, pp. 38—49.

[10]

[11]

OO0 A.000000DDOOO

l.«.00000000D000DOO0O0O0ODOODOODO
gooooooobooboboboog

lu+ Aru+ Asu + -+ |?
(u+ANu+DNou+ -, u+Aru+ Dgu+--+)

-1 (55)

0(1), O(e), O(e*) 00000000 D00000O0O0D0
ooo

(w,u) =ul* =1, (v, Au)=0 (56)

(u, Aou) = —(Aru, Aru) = = Al (57)

0(36)0 0(1) 00000000 Mu=00000

3.0 (36)0 O(s)D0DO0ODOODDODOUOODOO

MA1U+A1M’U, = A1 )\u (58)
000 «.00000000DO0DOODOODOO
(u, MA1w) + (u, At Mu) = A\ (u,u) (59)

(u, MA1u) = (Mu,Au) =0, (u,u) = |lul| =100
00 34)0ooA 000000000

A1/\ = (u, AlMU)

N (A8 (€ u) + (1,E,) (M, u)
- L e 0

O0MOO0OOOOOOO A, o, \eer 000000
DDD@DDDDDDDDDDDD U, ..., Un—1 000
0«0 MOOODO OOOODDOODOOOOODDODOOOO
0000000 (A8) 0000w, 0000000000
gooooa
(ui,MAlu)—i—(ui,AlMu):Al)\(ui,u) (61)
OoOoo (ui,MAlu) = (Mui,Alu) = (/\iui,Alu) O
(uwsyuw)=0000000000000

Ai(uwi, Aqu) + (ui, AiMu) =0 (62)

21



O@G6)0020000Aw 0 00000000000

00 wi, .., u, 000000000000000
n—1 — M)
Alu:Z(ul,Aluul— Z u“ Ly
i=1 =1
n—1
_ _(Z i )AlMu — M A/Mu (63)
=1 i
4.0 (36)0 O(*)0000000000000000

MA2u+A2Mu+A1MA1u = A A1u+A2u (64)
D00 «0000000000D000000

(u, MAsu) + (u, AsMu) + (u, A1 M A u)

= A \(u, Aru) + A (u,u) (65)

(u, MAsu) = (Mu,Asu) =0, (u, Aju) =0, (u,u) =

lu|=10000 (63) 000000000

As\ = (u7A2Mu) +
= (u,AaMu) —

(u, AlMAlu)
(u, AlMM_AlMu)

0((4) 0000 w; 000000000

(66)

(ui,MAzu) + (ui, AQMU) +
= A1/\(ui, Alu) + Ag)\(ui7

(ui, AlMAlu)

u) (67)

oooo (ui,MAgu) = (Mui,Azu) ()\iui,Azu) O
(wi,w) =00000 (60), (63) 000000000

Ai (i, Aow) + (ui, Ao Mu)

—(ui,AlMM7A1MU):O (68)

0000 (7)) 00 A D00DO0OOOOOO

Aoy Z wi, Aou)u; + (u, Aou)u
i=1

n—1

(uz, AQMU)
i

ui(ui, AlMM7A1Mu)
Ai

— [ Avulf*u

>

)AgMu —|M~ A Mu|*u

U’LL

>A1MM A1Mu
=1
M AsMu+ M AIMM AiMu
—|M ™AL Mu|’u (69)

00 B. E[|[M A/ Mu|? 000
( (o)

N _
AlMu — Z (A£a7u)£a (70)

(i, Vo[€  Ju)

w)=00000000 (34)0000000000

22

gooooooooooooon

E[||M~ A1 Mu|? = E[(M~ Ay Mu, M~ A1 Mu)]

= E[(AiMu, (M~ )’A1Mu)]
Ns(Asa, -zNéAa,
:E[(Z(uvo[ W (i ZuVoEﬂB

=1

-

E[(AE,, u)(Ag, w)](E,, (M)%Ep)
(u, Vo[, ]u)(u, Vol€slu)

(u, E[AEAES|u) (€., (M7)?Ep)
(u, Vol€.Ju)(u, Vol€s]u)

-

=

(u,€%0apVol€o]u) (€, (M )€ )
(u, Vol ]u)(u, Vol€slu)

M= M= 2= .

Q

i
i

(u, Vo€, ]u) (€, (M)%E,)
(u, Vo[€,]u)?

)

M=

™

Q
—

(€a, (M)%€,)
(u,Vo[ﬁa]u)

WE

oo c.oooooooooo

1. «+0000000000000000000000
Avu, Au 00000 (55000000

0 (48)0 O(1)00000000 Mu=00000
3.0 (48)0 O(¢) 1000000000000000

MAu+ A1 Mu =0 (72)

000000 M 0000000000000

PuAvu+M AMu=0 (73)

O000Py=I-wu' 0w0000000000000
00000M M =P,00000000 [9]000 (56)

000000 Avw 0 00000000PA1w=A7A1u
000000000 49)o00o00ooa

4.0 (48)0 O(¢*)000D0000D000D0000O00

MAQU"‘AlMAlU“’AQMU = AsLu (74)

000000 M- 000000000000000

P.Asu = —M_AQM’U, +4 M_AlMM_A1Mu
+M_A2Lu (75)

000 A»u0 «00000000000w000000
O GNO00 —|Aw|Pve0000

Asu = PuAou — | Arul*u (76)

0000A00 (37),(49) 0000000000000
00000000000000000000000 ||Au|?
—||M~ A Mu|*« 000000000 (50)0000



