2rA|EY$K$h$i$:0LAj$rJ]$DJ?LL6J@~$NI=<( 6b_7 K’G7 6bC+ 7r0l 72GOBg3X9)3XIt>pJs9)3X2J J} Dx <0 $G I= $5 $l $k J? LL 6J @~ $r!" 6h 4V I> 2A $H J? 6Q CM 7A <0 $H %/ %i %U %A%C %/ 7A <0 $r MQ $$ $? 6h 4V 2r @O $K $h $k NW 3& E@ $N 8! =P $H NN 0h $N :F 5" E* J, 3d $H $r J; MQ $9 $k $3 $H $K $h$C $F 8z N( E* $K I= <( $9 $k!# 8r :9 $d J, 4t $d %k!< %W $N H= Dj $N $? $a $K =* 7k <0 Ey $N ?t <0 =h M} $r MQ $$ $k $H =h M} $N Ii C4 $N $? $a Dc <! $N B? 9‘ <0 $K $7 $+ E, MQ $G $- $J $$ $,!" K\ J} K! $O $= $N $h $& $J =h M} $, IT MW $G $" $k $P $+ $j $G $J $/!" 6J @~ $, Be ?t J} Dx <0 $G I= $5 $l $k I, MW $5 $( $J $$!# $= $7 $F!" K\ J} K! $G $O 2r A| EY $r $I $N $h $& $K;X Dj $7$F $b 6J@~ $N 0LAj ( @\ B3 4X78 ) $, @5 $7$/ J] $?$l $k!# $3$l $r <B 83E* $K 3NG’ $9 $k$H $H $b$K!" 1~ MQ$H $7 $F6J LL $N1o$HNX3T$NIA2h$,K\%7%9%F%‘$GMF0W$K<B9T$G$-$k$3$H$r<($9!# %-!<%o!<%I : %3%s%T%e!<%?%0%i%U%#%/%9!"J?LL6J@~!"NW3&E@!"6h4V2r@O!"6JLL!"NX3T@~ Displa ying Planar Curv es with Correct T op ology in All Resolutions Y oshiyuki Kanaza w a and Kenic hi Kanatani Departmen t of Computer Science Gunma Univ ersit y , Kiryu, Gunma 376-8515 Japan W e presen t an e�cien t metho d for displa ying planar curv es b y detecting all critical p oin ts and recursiv ely sub dividing the domain. Critical p oin ts are detected b y in terv al analysis in v olving in terv al ev aluation, mean-v alue forms, and Kra w czyk forms. Our system do es not require an y sym b olic com- putation for judging in tersections, branc hes, and lo ops, whic h can b e applied only to lo w-dimensional p olynomial curv es due to its computational burdon; our system do es not ev en require the curv e to b e algebraic. Also, the top ology (connection) of the curv e is alw a ys correct in whatev er resolution. W e demonstrate these b y exap erimen ts and sho w that our system can b e applied to dra w brims and o ccluding con tours of a curv ed surface in space. Key w ords : computer graphics, planar curv e, critical p oin t, in terv al analysis, surface, o ccluding con tour <U<- : 6h4V 2r@O$K$D $$$F8f65<( D:$$$?Cf1{ Bg3X$N;3 B<@6N4=u65 <x$K46<U $7$^$9!#K\8& 5f$N0lIt$O J8It>J2J 3X8&5f Hq4pHW8&5f#C (2) (No. 09680352) $K$h$C$?!# � 376-8515 6M@8;TE7?@D. 1{5{1 72GOBg3X9)3XIt>pJs9)3X2J , T el: (0277)30-1842, F ax: (0277)30-1801 E-mail: yosiyuki@ail.cs.gunma-u.ac.jp , kanatani@cs.gunma-u.ac.jp

1. =xO@ 6J @~ $d 6J LL $r ;k 3P 2= $7 $F I= <( $9 $k $3 $H $O %0 %i %U%# %/ %9 $d #C #A #D $N 4p K\ $G $" $k $@ $1 $G $J $/!" ?t 3X 65 0i $N 65 :‘ :n @. $K $b 7g $+ $9 $3 $H $, $G $- $J $$!# K\ Js $G $O :B I8 $N 4X ?t $N Nm E@ =8 9g $H $7 $F Dj 5A $5 $l $k J? LL 6J @~ $r 9M $( $k ( 6u 4V 6J @~ $K $D $$ $F $O <! Js [6] $G 07 $& ) !# ?t 3X 65 0i$G 8= $o $l $k 6J @~ $N $[ $H $s $I $O $3 $N $h $& $J 1" 4X ?t $G I= 8= $5 $l $F $$ $k!# :B I8 CM $, %Q %i %a!< %? $K $h$C $F M[ $K I= 8= $5 $l $F $$ $k >l 9g $O C1 $K %Q %i %a!< %? $r JQ 2= $5 $; $J $, $i 50 @W $r I= <( $9 $l $P $h $$ $,!" 1" 4X ?t $G I= 8= $5 $l $F $$ $k >l 9g $O I= <( $, MF 0W$G$O$J$$!# $h $/ 8& 5f $5 $l $F $$ $k $N $O 4X ?t $, :B I8 $N B? 9‘ <0 $G =q $+ $l $k Be ?t 6J @~ $G $" $k [15] !# $3 $l $O #C #A #D $G $h $/ MQ $$ $i $l$k 6J@~ $,Be ?t6J @~$G $"$k $3$H$H [1, 14] !" Be?t 3X$N M} O@ $, ?t <0 1i ;; $K 1~ MQ $7 $d $9 $$ $3 $H $N $? $a $H ;W $o $l $k $, [13] !" $3 $3 $G $O Be ?t 4X ?t $K 8B Dj $; $:!" ;0 3Q 4X ?t!" 5U ;0 3Q 4X ?t!" ;X ?t 4X ?t!" BP ?t 4X ?t $J $I $b 4^ $a $?!" $$ $o $f $k \ <0 $G =q $1 $k " 4X ?t ( @5 <0 $K $O \ =i Ey 4X ?t ") $G I= $; $k 6J @~ $r 9M $( $k!# $= $7 $F!" $3 $l $r NX 3T @~ $K $h $k 6J LL $N I= <( $K1~MQ$9$k!# 2. 6J@~$NI=<( 2.1 DI@WK! $h $/ 9T $J $o $l $k $N $O!" 6J @~ >e $K =i 4| E@ $r $H $j!" $= $3 $+ $i 6J @~ $N J} 8~ $r 7W ;; $7 $F $O $= $l $K 1h$C $F ?J $‘ $H $$ $& !VDI @WK!!W $G$" $k [2, 15] !#DI @W$N J}K! $K$O >oHy J,J} Dx <0 $N ?t CM 2r K! $K 5" Ce $5 $; $k J} K! $d!" %K%e!< %H %s K! $r 7+ $j JV $7 $F E, MQ $9 $k J} K! $d!" $= $l $i $N $$ $m $$ $m $J JQ 7A $, $"$k!#$7$+$7!"<!$NLdBj$,Hr$1$i$l$J$$!# � =i4|E@$r7W;;$9$k0lHLE*$JJ}K!$,$J$$!# � J# ?t $N O" 7k @. J, $d 8I N) E@ $d Hy >. %k!< %W $, $" $k $H $-!"$9$Y$F$,?T$/$5$l$F$$$k$+$NH=Dj$,:$Fq!# � 6J @~ $N 0[ $J $k It J, $, NY @\ $7 $F $$ $k $H $-!" DI @W $, 0lJ}$+$iB>J}$XHt$S1[$9$3$H$,$"$k!# � J,4t$d8r:9$r@8$8$kFC0[E@$G7W;;$,GKC>$9$k!# C+8} $i [15] $O<j $N9~ $s$@ %9%F%C %WI} $ND4 @0$d =*7k <0$N ?t <0 =h M} $J $I $K $h$C $F $3 $l $i $r Hr $1 $k $3 $H $r ;n $_ $F $$ $k $,!" 7W ;; NL $, KD Bg $K $J $j!" <B <A E* $K $O 6 <! 0J 2< $N 6J @~ $7 $+ 07 $( $J $$!# $b $A $m $s Be ?t 4X ?t $G $O $J $$ =i Ey 4X ?t $GI=$5$l$k6J@~$K$OE,MQ$G$-$J$$!# 2.2 J,3dK! BP >H E* $J J} K! $O I= <( NN 0h $r J, 3d $7!" 3F NN 0h $G $N 4X ?t $N Id 9f $H CM $r D4 $Y $F 4X ?t CM $, 0 $K $J $k $H ;W $o $l $k %; %0 %a %s %H $r @8 @. $9 $k !VJ, 3d K!!W $G $" $k!# 0l N’ $K J, 3d $9 $k Nc $H $7 $F $O!" %G%# %8 %? %k 2h A| $N G; C8 CM $, 0l Dj $N 6J @~ $r @8 @. $9 $k $? $a $K $h $/ MQ $$ $i $l!" FC $K J* BN $H GX 7J $r J, N% $9 $k %(%C %8 $r %i %W %i %$ %" %s %U%# %k %? $r $+ $1 $? 2h A| $N CM 0 $N 6J @~ $H $7 $F 5a $a $k J} K! ( !VNm 8r :9 K!!W [8]) $, $h $/ CN $i $l $F $$ $k!# :F 5" E* $K J, 3d $9 $k Nc $H $7 $F $O!" #C #A #D 7A >u %b %G %i $K $* $$ $F #4 J, LZ!" #8 J, LZ $+ $i 6- 3& I= 8= $r F@ $k J} K! $H $7 $F $h $/ CN $i $l $F $$ $k [10, 11] !# $3 $N <j K! $K $h $l $P >e =R $N DI @W K! $N :$ Fq $O 2r >C $5 $l $k $,!" <! $N $h $& $J7gE@$,$"$k!# � J, 3d %5 %$ %: ( 2r A| EY ) 0J 2< $N 0L Aj ( @\ B3 4X 78 ) $, @5 3N $K $O I= $; $J $$!# 8r :9 $d 8I N) E@ $d Hy >. %k!< %W $,8+F($5$l$k$3$H$,$"$k!# � J, 3d $7 $? 3F It J, $r @5 $7 $/ @\ B3 $7 $F A4 BN $N I= 8= $r :n$k$N$,J#;($K$J$k!# � NN 0h $r :Y $+ $/ J, 3d $9 $k $K $O B? $/ $N 7W ;; ;~ 4V $r MW $9$k!# K\ O@ J8 $N L\ E* $O!" DI @W K! $N A0 =R $N 7g E@ $, K\ <A E* $J $b $N $G $"$C $F 2s Hr :$ Fq $G $" $k $N $K BP $7!" J, 3d K! $N >e =R $N 7g E@ $O 9n I~ 2D G= $G $" $k $3 $H $r <( $9 $3 $H $K $" $k!# Bh 2 E@ $O #C #A #D $N $h $& $J @_ 7W $, L\ E* $N >l 9g $K Ld Bj $H $J $k $,!" ?t 3X 65 :‘ $N $h $& $K C1 $K I= <( $, L\ E* $J >l 9g $O Bg 0h E* $J I= 8= $O I, MW $G $O $J $$!# Bh 3 E@ $O J, 3d $r AF $/ $9 $l $P 2r 7h $9 $k!# :G Bg $N >c 32 $O Bh 1 E@ $G $" $k $,!" K\ O@ J8 $N Ds 0F $O!" $I $s $J $K AF $/ J, 3d $7 $F $b 0L Aj $, J] $? $l $k $h $& $K I= <( $9 $k$3$H$G$"$k!# 2.3 NW3&E@$NCj=P 6J @~ $N 0L Aj $r Dj $a $k $N $O NW 3& E@ $H FC 0[ E@ $G $" $k!# 6J @~ f ( x; y ) = 0 $N!VNW3&E@!W$H$O f x ( x; y ) = 0 ; f y ( x; y ) = 0 (1) $r K~ $? $9 E@ $G $" $j!" $5 $i $K $= $N E@ $G f ( x; y ) = 0 $H $J $l $P !VFC 0[ E@!W $H 8F $V!# 6J @~ $, 8r :9!" J, 4t $9 $k E@ $O FC 0[ E@ $G $" $j!" %k!< %W $, $" $l $P $= $N Fb It $K NW 3& E@ $, B8 :_ $9 $k!# 6J @~ $N Fs $D $N It J, $, Hs >o $K 6a @\ $7 $F $$ $k $+ 8r :9 $7 $F$$ $k$+ $rH=Dj $9$k $K$O C+8} $i [15] $N$h $&$K$J J#;( $J ?t <0 =h M} $O I, MW $J $/!" $^ $? $= $l $r H= Dj $G $- $k $@ $1 2r A| EY $r >e $2 $k I, MW $b $J $$!# C1 $K FC 0[ E@ $, B8 :_ $9 $k $+ $I $& $+ $r D4 $Y $l $P $h $$!# B8 :_ $9 $l $P 8r :9 $7!" B8 :_ $7 $J $1 $l $P 8r :9 $7 $J $$!# 8I N) E@ $d Hy >. %k!< %W $K $D $$ $F $b F1 MM $G $" $k!# $" $k J, 3d NN 0h $N Fb It $K NW 3& E@ $, B8 :_ $7 $J $$ $3 $H $, $o $+ $l $P 8I N) E@ $b Hy >. %k!< %W $b B8 :_ $7 $J $$ $3 $H $, J]>Z$5$l$k!# I= <( NN 0h Fb $N $9 $Y $F $N NW 3& E@ $r Cj =P $9 $k $3 $H $O Hs @~ 7A O" N) J} Dx <0 $N $9 $Y $F $N 2r $r 8! =P $9 $k $3 $H $K 5" Ce $9 $k!# $3 $l $O EE ;R 2s O) $N 2r @O $K 4X $7 $F $h $/ 8& 5f $5 $l!" Be I= E* $J $b $N $O J? 6Q CM $N Dj M} $H =L >. <L A| $N IT F0 E@ Dj M} $r AH $_ 9g $o $; $? 6h 4V 2r @O $r MQ $$ $J $, $i 6u 4V $r :F 5" E* $K J, 3d $7 $F D4 $Y $k !V%/ %i %U %A%C %/ $N J} K!!W $* $h $S $= $N JQ 7A $G $" $k [3, 4, 12, 16, 17, 18] !# $3 $l $i $O ?t I4!" ?t @i $N JQ ?t $N J} Dx <0 $r BP >] $H $9 $k $b $N $G $" $k $,!" J? LL 6J @~ $N I=<($G$O 2 JQ?t$G$"$j!"Hs>o$K8zN(E*$K<B9T$G$-$k!# K\ O@ J8 $G $O %/ %i %U %A%C %/ $N J} K! $K $h$C $F $9 $Y $F $N NW 3& E@ $r 8! =P $7!" $= $l $i $, 3J ;R E@ $H $J $k $h $& $K J, 3d $r 9T

$&!# 3J ;R Fb It $K NW 3& E@ $N B8 :_ $7 $J $$ $3 $H $, J] >Z $5 $l $F $$ $k $+ $i!" Fb It $G $O 8r :9 $b J, 4t $b 8I N) E@ $b %k!< %W $b B8 :_ $7 $J $$!# $3 $l $K $h$C $F 0L Aj $r J] $D @^ $l @~ I= <( $, 2D G= $H $J $k!# 6J @~ $K 3j $i $+ $5 $r MW 5a $9 $k $J $i I, MW $J $@ $1 J, 3d$r:Y$+$/$9$l$P$h$$!# 3. 6h4V2r@O 3.1 6h4VBe?t 6h 4V 2r @O $H $O 4X ?t $N 3F 0z ?t $N $H $k HO 0O $r 6h 4V $H $7 $F ;X Dj $7 $? $H $-!" $= $N 4X ?t CM $, <h $j F@ $k CM $r 4^ $‘ 6h 4V $r 7W;; $9$k $3$H $G$" $k [9, 12] !#6h 4V1i ;;$O!" Nc$( $P;M B’ 1i ;;$G $"$l $P +, � , � , = $r � $H =q $/$H $-!"6h 4V I , I 0 $KBP$7$F I � I 0 = f x � x 0 j x 2 I ; x 0 2 I 0 g (2) $H Dj 5A $5 $l $k!# 6q BN E* $K $O $= $l $> $l $N 6h 4V $N C< E@ F1 ;N $N 1i ;; $K $h$C $F F@ $i $l $k CM $N Fb $N :G Bg CM $H :G >. CM $r 7W ;; $9 $l $P$h $$!# <B ?t $K + 1 , �1 $r IU 2C $7 $??t BN 7O $r Dj 5A $9 $l $P >o $K CM $, >o $K Dj $^ $k!# $3 $N $h $& $J 6h 4V 1i ;; $O C1 9‘ 1i ;; $d ;0 3Q 4X ?t!" 5U ;0 3Q 4X ?t!" ;X ?t 4X ?t!" BP ?t 4X?t!"$=$NB>$N<o!9$N1i;;$KMF0W$K3HD%$G$-$k!# 3.2 HsNmH=Dj 4X ?t f ( x; y ) $N x , y $N $= $l $> $l $N HO 0O $r 6h 4V I x , I y $H $9 $k $H $-!" 4X ?t f ( x; y ) $r Dj 5A $9 $k 1i ;; $r $9 $Y $F 6h 4V 1i ;; $K CV $- 49 $( $F F@ $i $l $k 6h 4V $r f ( I x ; I y ) $H =q $/!# $3 $N $H $- 0 62 f ( I x ; I y ) $J $i 6J @~ f ( x; y ) = 0 $O NN 0h I x � I y $r DL 2a $7 $J $$ $3 $H $, J] >Z $5 $l $k!# 0 2 f ( I x ; I y ) $J $i NN 0h $r $5 $i $K :Y J, $9 $l $P 6J @~ f ( x; y ) = 0 $NDL2aHO0O$r$h$j8BDj$9$k$3$H$,$G$-$k!# $7 $+ $7!" C1 $K 3F JQ ?t $r 6h 4V $K CV $- 49 $( $F 6h 4V I> 2A $7 $? $N $G $O HO 0O $, 2a Bg I> 2A $K $J $k $3 $H $, B? $$!# $3 $l $r 2~ NI $9 $k J} K! $H $7 $F $h $/ CN $i $l $F $$ $k $N $, F3 4X ?t $N Mx MQ $G $" $k!# 6h 4V I $N Cf E@ $r I :m $H =q $-!" 4X ?t f ( x; y ) $N !VJ? 6Q CM 7A <0!W $r <! $N $h $& $K Dj 5A $9 $k ( <B ?t $O I} 0 $N 6h4V$H$_$J$7$F6h4V$H$N1i;;$rDj5A$9$k ) !# M f = f ( I x:m ; I y :m ) + f x ( I x ; I y )( I x � I x:m ) + f y ( I x ; I y )( I y � I y :m ) (3) $3 $N$H $- 0 62 M f $J$i 0 62 f ( I x ; I y ) $,J] >Z$5 $l$k [9, 12, 16] !# 3.3 2r$N8!=P NN0h I x � I y >e$NO"N)J}Dx<0 f ( x; y ) = 0 ; g ( x; y ) = 0 (4) $r 9M $( $k!# 6h 4V I> 2A $* $h $S J? 6Q CM 7A <0 $K $h$C $F $3 $N NN 0h$G f ( x; y ) 6 = 0 $^$?$O g ( x; y ) 6 = 0 $HH=Dj$5$l$l$P2r $O B8 :_ $7 $J $$!# !V%/ %i %U %A%C %/ 7A <0!W $r <! $N $h $& $K Dj 5A$9$k!# K x K y ! = I x:m I y :m ! � L f ( I x:m ; I y :m ) g ( I x:m ; I y :m ) ! +( I � L D ) I x � I x:m I y � I y :m ! (5) $?$@$7 I $O 2 � 2 C10L9TNs$G$"$j!" D $O<!$N$h$&$KDj 5A$7$?!V6h4V8{G[9TNs!W$G$"$k!# D = f x ( I x ; I y ) f y ( I x ; I y ) g x ( I x ; I y ) g y ( I x ; I y ) ! (6) L $O 6h 4V 8{ G[9T Ns $N 3F MW AG6h 4V $N Cf E@ $+ $i$J $k 9T Ns $N 5U9TNs$G$"$k!# L = f x ( I x ; I y ) : m f y ( I x ; I y ) : m g x ( I x ; I y ) : m g y ( I x ; I y ) : m ! � 1 (7) $3 $N $H $- K x \ I x = ; $^ $? $O K y \ I y = ; $J $i NN 0h I x � I y $K2r$,B8:_$7$J$$$3$H$,J]>Z$5$l$k [12, 16] !# 0lJ}!" K x � I x $+$D K y � I y $N$H$-$O k I � L D k 1 < 1 (8) $J $i $3 $N NN 0h Fb $K M# 0l $N 2r $, B8 :_ $7!" %K%e!< %H %s K! $, $= $N E@ $K <} B+ $9 $k $3 $H $, J] >Z $5 $l $k [12, 16] !# $? $@ $7!" 6h 4V I ij $r MW AG $H $9 $k 9T Ns I = ( I ij ) $N !V%K%e!< %H%s%N%k%‘!W kI k 1 $r kI k 1 = max i X j maxabs( I ij ) (9) $H Dj 5A $9 $k (maxabs( I ) $O 6h 4V $N C< E@ $N @d BP CM $N Bg $- $$ $[ $& $G $" $k ) !# $I $A $i $H $b H= Dj $G $- $J $$ >l 9g $O NN 0h $r$5$i$K:YJ,$7$FD4$Y$k!# 4. J?LL6J@~$NI=<( 6J @~ f ( x; y ) = 0 $r I= <( $9 $k $K $O!" $^ $: ;X Dj $5 $l $? I= <( NN 0h Fb It $N <0 (1) $r K~ $? $9 NW 3& E@ $r A0 @a $N 6h 4V 2r @O $K $h$C $F $9 $Y $F 8! =P $9 $k!# %f!< %6 $, 4u K> $9 $k 3J ;R 4V 3V $r !V2r A| EY!W $H $7 $F ;X Dj $9 $k $H!" 3J ;R 4V 3V $, $= $l 0J 2< $K $J $k $^ $G NN 0h $r 3F J} 8~ $K :F 5" E* $K 2 J, 3d $7!" Fb It $K NW 3& E@ $r $b $D 3J ;R $O NW 3& E@ $, D: E@ $H $J $k $h $& $K $5 $i $K J, 3d $9 $k!# $3 $N J, 3d $N 3F %9 %F%C %W $K $* $$ $F 6h 4V I> 2A $* $h $S J? 6Q CM 7A <0 $K $h $k 6h 4V 2r @O $r 9T $$!" 6J @~ $, DL 2a $7 F@ $J $$ $b $N $O =| 30 $9 $k!# $3 $l $K $h$C $F J, 3d $, 6J @~ $N 6aK5$K8BDj$5$l$k$N$G!"7W;;$,6K$a$F8zN(E*$G$"$k!# $3 $N $h $& $K $7 $F Dj $a $? 6J @~ $N DL 2a $7 F@ $k 3F D9 J} 7A NN 0h $K BP $7 $F!" $= $l $r 0O $‘ 4 K\ $N JU >e $G f ( x; y ) = 0 $H $J $k E@ $r $9 $Y $F 7W ;; $9 $k!# $3 $l $O 1 JQ ?t 4X ?t $N Nm E@ $N

(a) (b) (c) ?^ 1: 6J@~ x 3 + y 3 � 3 xy = 0 $NI=<($H$=$N3J;RJ,3d!# (a) 2rA| EY$, 1 JU$N D9$5!# (b) 2rA| EY$, 1 JU$N 1/8 $N >l9g!# (c) 2rA|EY$, 1 JU$N 1/64 $N>l9g!# 7W ;; $G $" $j!" $= $N JU >e $G 6h 4V I> 2A!" J? 6Q CM 7A <0!" $* $h $S %/ %i %U %A%C %/ 7A <0 $r E, MQ $9 $k!# $3 $l $O A0 @a $N 6h 4V 2r @O $N 1 <! 85 HG $G $" $j!" 1 JQ ?t 4X ?t f ( x ) $N 6h 4V I >e $N J? 6Q CM 7A <0 $* $h $S %/ %i %U %A%C %/ 7A <0 $O $= $l $> $l <! $N $h $&$KDj5A$5$l$k!# M f = f ( I :m ) + f 0 ( I )( I � I :m ) (10) K f = I :m � f ( I :m ) f 0 ( I ) :m + � 1 � f 0 ( I ) f 0 ( I ) :m � ( I � I :m ) (11) $=$7$F 0 62 f ( I ) $^$?$O 0 62 M f $^$?$O K f \ I = ; $J $i6h4V I $K2r$,B8:_$7$J$$$3$H$,J]>Z$5$l!" K f � I x $N $H $- j 1 � f 0 ( I ) =f 0 ( I ) :m j < 1 $J $i $J $i $3 $N 6h 4V $K M# 0l $N 2r $, B8 :_ $7!" %K%e!< %H %s K! $, $= $N E@ $K <} B+ $9 $k $3 $H $, J] >Z $5 $l $k [12, 16] !# $7 $+ $7!" <B :] $N 2r $N 7W ;; $K $O 2r $N Hs B8 :_ $, J] >Z $5 $l $J $$ 6h 4V $N N> C< $G $N 4X ?t $N Id 9f $r D4 $Y $F $O 6h 4V $r :Y J, $9 $k !V$O $5 $_ BG $A K!!W $N $[ ?^ 2: 2rA|EY$, 1 JU$N 1/ N $NI=<($N7W;;;~4V ( C10L$OIC ) !# $& $, 4J JX $G $" $j!" K\ %7 %9 %F %‘ $G $O $3 $A $i $r :N MQ $7 $F $$ $k!# <! $K!" $3 $N $h $& $K $7 $F F@ $i $l $? E@ $r 7k $s $G @~ J, $r @8 @. $9 $k!# 3J ;R Fb It $K $O 8r :9 $b J, 4t $b 8I N) E@ $b %k!< %W $b B8 :_ $7 $J $$ $3 $H $, J] >Z $5 $l $F $$ $k $+ $i!" 8I N) E@ $G $J $$ FC 0[ E@ 0J 30 $O B> $N 1 E@ $N $_ $H 7k $P $l!" $+ $D $I $l $b 8r :9 $7 $J $$ $b $N $r 8u Jd $H $7!" J# ?t $N 8u Jd $, $" $k >l 9g $O 8u Jd @~ J, >e $G CM $, 0 $K 6a $$ $+ $r H= Dj $7 $F A* Br $9 $k!# $= $7 $F!"F@$i$l$?@~J,$rJ?LL>e$KIA2h$9$k!# >e 5- $N <B 9T $N $? $a $K!" $" $i $+ $8 $a NW 3& E@ $r FC 0[ E@ $H $= $& $G $J $$ $b $N $K J, N‘ $7!" FC 0[ E@ $r $5 $i $K 8I N) E@ $H O" 7k E@ $H $K J, N‘ $7 $F $* $/!# $= $l $K $O FC 0[ E@ $r Cf ?4 $H $7!" %f!< %6 $, ;X Dj $7 F@ $k :G >. $N 2r A| EY $r H> 7B $H $9 $k 1_ $r 9M $(!" $= $N 1_ <~ >e $N JP 3Q � $N E@ $G $N f ( x; y ) $N CM $r $H $k 1 JQ ?t 4X ?t f ( � ) $r Dj 5A $9 $k!# $= $7 $F 6h 4V [0 ; 2 � ] >e $G 6h 4V I> 2A!" J? 6Q CM 7A <0!" $* $h $S %/ %i %U %A%C %/ 7A <0 $r E, MQ $7!" f ( � ) = 0 $N 2r $, B8 :_ $9 $k $b $N $r O" 7k E@!" $7 $J $$$b$N$r8IN)E@$HH=Dj$9$k!# ?^ 1 $O8r:9$H%k!<%W$N$"$k6J@~ x 3 + y 3 � 3 xy = 0 (12) $rNN0h [ � 2 : 5 ; 3 : 2] � [ � 2 : 5 ; 3 : 2] $KI=<($7$?Nc$G$"$k!# (a) $O :G $b AF $$ 2r A| EY!" $9 $J $o $A I= <( NN 0h $N JU $= $N $b $N $r 2r A| EY $H $9 $k I= <( $G $" $j!" (b), (c) $O $= $l $> $l 2r A| EY $, 1 JU $N 1/8, 1/64 $N >l 9g $G $" $k!# F1;~ $K 3J ;R J, 3d $N MM ;R $b <( $7 $F $$ $k!# $3 $l $+ $i!" 6h 4V 2r @O $K $h $j 6J @~ $N 6a K5 $N $_ $, J, 3d $5 $l $F $$ $k $3 $H $, $o $+ $k!# ?^ 2 $O 2r A| EY $r 1 JU $N 1 = N $H $7 $? >l 9g $N 7W ;; ;~ 4V $r N $K BP $7 $F%W %m%C%H $7$? $b$N $G$" $j!"$[ $\ O ( N ) $G$" $k$3 $H $, $o $+ $k ( 6h 4V 2r @O $r MQ $$ $J $$ $H O ( N 2 ) $H $J $k ) !# ?^ 3, 4 $O$=$l$>$l8IN)E@$N$"$k6J@~ x 3 + x 2 + y 2 = 0 (13) $*$h$S7k$SL\>u$N6J@~ [15] x 4 � 2 y 3 � 3 y 2 � 7 x 2 + 1 = 0 (14) $r?^ 1 $HF1MM$KI=<($7$?Nc$G$"$k!#

(a) (b) (c) ?^ 3: 6J @~ x 3 + x 2 + y 2 = 0 $N I=<( $H $=$N 3J ;RJ, 3d!# (a) 2rA| EY$, 1 JU$N D9$5!# (b) 2rA| EY$, 1 JU$N 1/8 $N >l9g!# (c) 2rA|EY$, 1 JU$N 1/64 $N>l9g!# 4X ?t f ( x; y ) $K BP $7 $F 6J @~ f ( x; y ) � c = 0 $r I= <( $7!" c $r JQ 2= $5 $; $l $P 6J LL z = f ( x; y ) $N Ey 9b @~ $, I= <( $G $- $k ( NW 3& E@ $O c $N CM $K $h $i $J $$ $+ $i 0l EY $@ $1 7W ;;$9$l$P$h$$ ) !#?^ 5 $O$3$NJ}K!$K$h$C$F6JLL z = x 3 � 3 x 2 + 3 y 2 (15) $NEy9b@~$rNN0hNN 0h [ � 2 : 5 ; 3 : 2] � [ � 2 : 5 ; 3 : 2] $KI=<($7 $?Nc$G$"$k!# 5. 6JLL$NI=<( 6JLL z = f ( x; y ) (16) $N NX 3T @~ $H 1o $K $h $k I= <( $r 9M $( $k!# 1o $O I= <( NN 0h $N <~ >e $r 2r A| EY $N I} $K 9o $_!" $= $l $K 9b $5 z $r IU M? $7 $? E@ $r 7k $s $G 6u 4V $K @^ $l @~ $G IA 2h $9 $l $P $h $$!# NX 3T @~ $O <! $N $h $& $K I= <( $5 $l $k!# ;k E@ v : ( v 1 ; v 2 ; v 3 ) $+ $i 8+ $? $H $- (a) (b) (c) ?^ 4: 6J@~ x 4 � 2 y 3 � 3 y 2 � 2 x 2 + 1 = 0 $NI= <($H$=$N3J ;RJ,3d!# (a) 2rA|EY$, 1 JU$ND9$5!# (b) 2rA|EY$, 1 JU$N 1/8 $N>l9g!# (c) 2rA|EY$, 1 JU$N 1/64 $N>l9g!# $K!" $3 $N 6J LL >e $N E@ P : ( x; y ; z ) $, NX 3T Jl @~ >e $K $" $k I, MW == J, >r 7o $O!" E@ P $K $* $1 $k @\ J? LL $, ;k E@ V $r 4^ $‘$3$H$G$"$j!"<!$N$h$&$K=q$1$k [5] !# ( x � v 1 ) f x + ( y � v 2 ) f y � ( f � v 3 ) = 0 (17) $7 $? $,$C $F xy LL >e $N I= <( NN 0h $K $* $$ $F $3 $N <0 $N Dj 5A $9 $k 6J @~ $N @~ J, $r @8 @. $7!" N> C< $K z :B I8 $r IU M? $7 $? 6u 4V $N @~ J, $r Dj 5A $7!" ;k E@ v $+ $i 8+ $? A| $rI= <( $9 $l $P $h $$!# ?^ 6(a) $O6JLL z = xy + y 3 (18) $r!"?^ 6(b) $O6JLL z = x 2 � x 2 y + y 3 (19) $r $3 $N $h $& $K $7 $F I= <( $7 $? $b $N $G $" $k!# $3 $l $i $O $= $l $> $l ;k E@ $r !V$/ $5 $S!W $* $h $S !V$/ $A $S $k!W $H 8F $P $l $k

?^ 5: 4X?t z = x 3 � 3 x 2 + 3 y 2 $NEy9b@~!# (a) (b) ?^ 6: (a) 6J LL z = xy + y 3 $NI= <(!# (b) 6J LL z = x 2 � x 2 y + y 3 $NI=<(!# FC 0[ E@ $, NX 3T >e $K 8= $o $l $k 0L CV $N 6a K5 $K CV $$ $? $b $N $G $" $k [5, 7] !# $H $b $K 2r A| EY $O Dj 5A 0h $N 0l JU $N 1/8 $G $" $k$,!"FC0[E@$NItJ,$N0LAj$,@5$7$/I=<($5$l$F$$$k!# 6. $^$H$a K\ O@ J8 $G $O J} Dx <0 $G I= $5 $l $k 6J @~ $r I= <( $9 $k => Mh $N DI @W K! $N Ld Bj E@ $r ;X E& $7 $?!# $= $7 $F!" $= $l $, 6h 4V I> 2A!" J? 6Q CM 7A <0!" %/ %i %U %A%C %/ 7A <0 $r MQ $$ $? 6h 4V 2r @O $K $h $k NW 3& E@ $N 8! =P $H 6u 4V $N :F 5" E* J, 3d $H $r J; MQ $9 $k $3 $H $K $h$C $F 2r 7h $9 $k $3 $H $r <( $7!" G$ 0U $K ;X Dj $7 $? 2r A| EY $K $* $$ $F 0L Aj $, @5 $7 $/ J] $? $l $k $3 $H $r <B 83 E* $K 3N G’$7$?!# K\ O@ J8 $N %7 %9 %F %‘ $G $O C++ 8@ 8l $K $h $j 6h 4V %* %V %8%’ %/ %H $H $= $N 1i ;; $r Dj 5A $7 $F $$ $k!# $= $N 7k 2L!" JQ ?t $N 7? $r 6h 4V $H ;X Dj $9 $l $P $" $? $+ $b <B ?t 1i ;; $G $" $k $+ $N $h $& $K 7W ;; $, <B 9T $5 $l $k!# $^ $? ?t <0 =h M} $K $h$C $F F3 4X ?t $N F3 =P $r <+ F0 2= $7!" $= $l $+ $i 6h 4V F3 4X ?t $N %W %m %0 %i %‘$r@8@.$7$F$$$k!# C+ 8}$i [15] $N $h$& $K8r :9$d J,4t $d%k!< %W$N H=Dj $N$? $a $K =* 7k <0 Ey $N =h M} $r MQ $$ $k $H!" $3 $N =h M} $N Ii C4 $N $? $a Dc <! $N B? 9‘ <0 $K $7 $+ E, MQ $G $- $J $$!# K\ J} K! $O $= $N $h $& $J =h M} $, IT MW $G $" $k $P $+ $j $G $J $/!" 6J @~ $, Be ?t J} Dx <0 $G I= $5 $l $k I, MW $5 $( $J $/!" 6J @~ $N 5- =R $K 0M B8 $7 $J $$ 0l N’ $J 7W ;; $, 2D G= $G $" $k!# $= $7 $F $3 $l $r 1o $H NX 3T $K $h $k 6J LL $N I= <( $O 1o $K 1~ MQ $7 $?!# <! Js [6] $G $O F1 MM $N <j K!$r6u4V6J@~$KE,MQ$7$?Nc$rJs9p$9$k!# ;29MJ88% [1] G. F arin, Curves and Surfac es or Computer A ide d Ge- ometric Design: A Pr actic al Guide , Second Edition, Academic Press, San Diego, CA, U.S.A., 1990; LZB<J8I’ ( 4F ), ;38} BY ( 4FLu ), !V CA GD $N$?$a $N6J @~!&6J LLM}O@!W , 6& N)=PHG , El5~ , 1991; Third Edition, Academic Press, San Diego, CA, U.S.A. 1993. [2] M. Hosak a, Mo deling of Curves and Surfac es in CAD/CAM , Springer-V erlag, Berlin, German y , 1992; El @5 5# , @F F# 9d , 5W ;V K\ Bv Li ( Lu ), !V CAD/CAM $K $* $1 $k 6J @~6JLL$N%b%G%j%s%0!W , El5~EE5!Bg3X=PHG6I , El5~ , 1996. [3] ?@BtM:CR , Bg@P?J0l , @:EYJ]>ZIU$-?tCM7W;;K!$rMQ$$$?Hs@~7AJ} Dx <0 $N 2r 6J @~ $N B8 :_ 8! >Z K! , EE ;R >p Js DL ?. 3X 2q O@ J8 ;o A, V ol. J80-A, No. 6 (1997), pp. 907{919. [4] ?@BtM: CR , Gp LZ2m1Q , Bg@P?J0l , %Q%i %a!<%?0MB8Hs@~ 7AJ}Dx<0$N $9 $Y $F $N 2r $r @: EY J] >Z IU $- $G 5a $a $k %" %k %4 %j %: %‘ , EE ;R >p Js DL ?.3X2qO@J8;o A, V ol. J80-A, No. 6 (1997), pp. 920{925. [5] 6bC+7r0l , !V7A>u#C#A#D$H?^7A$N?t3X!W , 6&N)=PHG , El5~ , 1998. [6] 6b_7K’G7 , 6b C+7r0l , D>4QE*$K@5 $7$$6u4V6J@~$H 6JLL$NI=<( , EE ;R>pJsDL?.3X2q8&5fJs9p AI/KBSE98, 1999-3. [7] J. J. Ko enderink, Solid Shap e , MIT Press, Cam bridge, MA, 1990. [8] D. Marr, Vision: A Computational Investigation into the Human R epr esentation and Pr o c essing of Visual In- formation , W. H. F reeman, San F ransico, CA, 1982; 4%IRO: , 0BF#9-;V ( Lu ), !V%S%8%g%s | ;k3P$N7W;;O@$HG>FbI=8= | !W , ;:6H?^=q , El5~ , 1987. [9] R. E. Mo ore, Metho ds and Applic ations of Interval A nalysis , SIAM, Philadelphia, 1979. [10] ?9K\7P 1’ , ;3 8}OB5* , :F5" E*6u4VJ, 3dK!$HIt J,6u4VJ, N‘ | Hy>. 6u4V $N 6J @~$N 6a ;w $X $N3H D% |, EE;R >p Js DL ?.3X 2q O@ J8 ;o D-I I, V ol. J80-D-I I, No. 2 (1997), pp. 569{578. [11] @>Hx9’<# , >.KY8& 0l , 5WDENXIRO: , 3HD%7? %*%/%H%j!<$rMQ $$$?6u 4VJ,3d%b%G%i$+$i6-3&I=8=$X$NJQ49 , >pJs=hM}3X2qO@J8;o , V ol. 38, No. 8 (1997), pp. 1554{1565. [12] Bg @P ?J 0l , Hs @~ 7A 8: >/ $N 2r @O E* <j K! [I]| Hs @~ 7A 8= >] $N @: EY J] >ZIU$-?tCM2r@O , EE;R>pJsDL?.3X2q;o , V ol. 79, No. 2 (1996), pp. 162{168. [13] :4!9LZ 7z>< , 855H J8CK , EOJU H;O: , !V?t<0 =hM} %7%9 %F%‘!W , ><98 F2 , El5~ , 1986. [14] ?y868|5H , !V%0%i%U%#%/%9$N?tM}!W , 6&N)=PHG , El5~ , 1995. [15] C+8}9T?. , ?y868| 5H , 8! =P$b$l$N$J$$ Be?t6J@~$NDI @WK! , >pJs=h M}3X2qO@J8;o , V ol. 33, No. 10 (1992), pp. 1245{1253. [16] ;3B< @6 N4 , Hs@~ 7A 8= >]$N 2r @O<j K! [V]| Hs @~7A J} Dx <0$N ?t CM2r K! |, EE;R>pJsDL?.3X2q;o , V ol. 79, No. 7 (1996), pp. 740{ 745. [17] ;3B<@6N4 , FA9>0& , @nED ?NH~ , 6h4V2r@O$rMQ $$$?Hs@~7ADq 932sO) $N $9 $Y $F $N 2r $r 5a $a $k %" %k %4 %j %: %‘ , EE ;R >p Js DL ?. 3X 2q O@ J8 =8 A, V ol. J79-A, No. 10 (1996), pp. 1692{1699. [18] ;3 B< @6 N4 , 5m ED L@ IW , KY Fb OB IW , Kev orkian J, 3d K! $r MQ $$ $? 6h 4V 2r @O $N 8z N( 2= $K $D $$ $F , EE ;R >p Js DL ?. 3X 2q O@ J8 =8 A, V ol. J74-A, No. 8 (1991), pp. 1142{1150.