D>4QE*$K@5$7$$6u4V6J@~$H6JLL$NI=<( 6b_7 K’G7 6bC+ 7r0l 72GOBg3X9)3XIt>pJs9)3X2J 376-8515 6M@8;TE7?@D. 1{5{1 72GOBg3X9)3XIt>pJs9)3X2J T el: (0277)30-1841 F ax: (0277)30-1844, 1801 yosiyuki@ail.cs.gunma-u.ac.jp , kanatani@cs.gunma-u.ac.jp %f!< %6 $, J}Dx <0 $K$h$C $F F~NO $7 $?6u 4V 6J@~ $r 2r A|EY $K $h$i $: @5$7 $$ 0LAj ( @\ B3 4X 78 ) $G8z N( E*$K I= <($9 $k!# $3$l $O6h 4V I> 2A $H J? 6Q CM 7A <0 $H %/ %i %U %A%C %/ 7A <0 $r MQ $$ $? 6h 4V 2r @O $K $h $k NW 3& E@ $N 8! =P $H NN 0h $N :F 5" E* J, 3d $H $r J; MQ $9 $k $3 $H $K $h$C$F <B 9T $5 $l $k!# K\ J} K! $G $O =* 7k <0 Ey $N J# ;( $J ?t <0 =h M} $, IT MW $G $" $k $P $+ $j $G $J $/!" 6J @~ $, Be ?t J} Dx <0 $G I= $5 $l $k I, MW $5 $($J $$!# $3 $l $r 6J LL $N NX 3T @~ $K $h $k IA 2h $K 1~ MQ $9 $k!# $3 $l $O %o %$ %d %U %l!< %‘ %b %G %k $d $= $N %l %s %@ %j %s %0 $K Hf $Y!" ?M 4V $N ;k 3P G’<1$K$H$C$F:G$b<+A3$JI=<($G$"$k!# %f!<%6%$%s%?!<%U%’!<%9!"6u4V6J@~!"NW3&E@!"6h4V2r@O!"6JLL!"NX3T@~ Displa ying In tuitiv ely Correct Space Curv es and Surfaces Y oshiyuki Kanaza w a and Kenic hi Kanatani Departmen t of Computer Science Gunma Univ ersit y , Kiryu, Gunma 376-8515 Japan T el: +81(277)30-1841 F ax: +81(277)30-1844, 1801 yosiyuki@ail.cs.gunma-u.ac.jp , kanatani@cs.gunma-u.ac.jp W e presen t an e�cien t metho d for displa ying space curv es input b y the user as equations. The top ology (connection) of the curv es is correctly displa y ed in whatev er resolution. This is a consequence of detecting all the critical p oin ts of the curv e and recursiv ely sub dividing the domain. Critical p oin ts are detected b y in terv al analysis in v olving in terv al ev aluation, mean-v alue forms, and Kra w czyk forms. Our system do es not in v olv e complicated sym b olic computation of resolv an ts or ev en require the curv e to b e algebraic. W e apply this system to displa y surfaces b y their o ccluding con tours, whic h is the most natural represen tation for h uman visual recognition as compared with wireframe mo dels and their rendering. user in terface, space curv e, critical p oin t, in terv al analysis, surface, o ccluding con tour

1. =xO@ 6J@~ $d 6J LL $r ;k 3P 2= $7 $F I= <( $9 $k $3 $H $O %0 %i %U%# %/ %9 $d #C #A #D $N 4p K\ $G $" $k $@ $1 $G $J $/!" ?t 3X 65 0i $N 65 :‘ :n @. $K $b 7g $+ $9 $3 $H $, $G $- $J $$!# A0 Js [9] $G $O :B I8 $N 4X ?t $N Nm E@ =8 9g $H $7$F Dj 5A $5 $l $k J? LL 6J @~ $r 9M $( $? $,!" K\ Js $G $O 2 6J LL $N 8r @~ $H$7 $F Dj 5A $5 $l $k 6u 4V 6J @~ $r 9M $( $k!# :B I8 CM $, %Q %i %a!< %? $K $h$C$F M[ $K I= 8= $5 $l $F $$ $k 6u 4V 6J @~ $O C1 $K %Q %i %a!< %? $r JQ 2= $5$; $J $, $i 50 @W $r I= <( $9 $l $P $h $$ $,!" $3 $N $h $& $K 1" $K I= 8= $5 $l $F $$ $k >l 9g $O I= <( $, MF 0W $G $O $J $$!# A0 Js [9] $H F1 MM $K!" 2 6JLL $O Be ?t 6J LL $K 8B Dj $; $:!" ;0 3Q 4X ?t!" 5U ;0 3Q 4X ?t!" ;X ?t 4X ?t!"BP?t 4X ?t$J $I $b4^ $a$?!" $$ $o$f $k \ <0 $G=q $1 $k " 4X?t ( @5 <0$K$O \ =iEy4X?t ") $GI=$;$k6JLL$r9M$($k!# %0%i %U%# %/ %9 $d #C #A #D $N $_ $J $i $: $[ $H $s $I $N ?t <0 2r @O %= %U %H$G $O!" 6J LL $N I= <( $O %o %$ %d %U %l!< %‘ %b %G %k $K E, Ev $J %l %s %@ %j%s%0$r;\$7$?$b$N$,IaDL$G$"$k [4] !#$7$+$7!"$3 $l$,?M4V$K $H$C$F <+ A3 $J I= <( $H $O 8B $i $J $$!# MD ;y $, ;3 $r IA $/ $H $- $O $= $N NX3T $N $_ $r IA $/!# ?M $, ;f $K 5e $r IA $1 $H $$ $o $l $l $P L5 0U <1 $K 1_ $rIA $-!" 1_ ?m $d 1_ Cl $r IA $1 $H $$ $o $l $l $P Dl LL $r I= $9 BJ 1_ 8L $H NX3T $r I= $9 D> @~ $r IA $/ $G $" $m $&!# $= $7 $F!" ?M 4V $O $= $N $h $& $J 1o$H NX 3T $N $_ $r 8+ $F $= $N 6J LL $N 7A >u $r 6K $a $F @5 3N $K A[ A| $G $- $k!# ?M4V $* $h $S %3 %s %T%e!< %? $N ;k 3P G’ <1 $K $* $$ $F NX 3T $K 4X $9 $k B? $/ $N 8& 5f $, $J $5 $l $F $$ $k [1, 2, 3, 10] !# $7 $+ $7!" %o %$ %d %U%l!< %‘ $K 4p $E $/ I= <( $G NX 3T $r @. $9 $N $O 6J LL $N ?? $N NX 3T $G $O $J$/!" $= $N 6a K5 $N %o %$ %d $G $7 $+ $J $$!# %o %$ %d %U %l!< %‘ $r :Y $+ $/$9 $k $H %o %$ %d $, L) =8 $7 $F #3 <! 85 7A >u $N CN 3P $, :$ Fq $K $J $k!# $3$N :$ Fq $O D> @\ $K NX 3T $r I= <( $9 $k $3 $H $K $h$C $F 2r 7h $9 $k!# NX 3T$O 6u 4V Cf $G $O !VNX 3T Jl @~!W $H $h $P $l $k 6u 4V 6J @~ $G $" $k $+ $i [8] !"6J LL $N I=<( $b 6J @~ $N I= <($K 5" Ce $9 $k!# $3 $l $rK\ O@ J8 $N 6u 4V6J@~$NI=<(%7%9%F%‘$rMQ$$$FI=<($9$kNc$r<($9!# 2. DI@WK!$HJ,3dK! 6u4V 6J @~ $r I= <( $9 $k Be I= E* $J J} K! $O!" 6J @~ >e $K =i 4| E@ $r $H $j!"$= $3 $+ $i 6J @~ $N J} 8~ $r 7W ;; $7 $F $O $= $l $K 1h$C $F ?J $‘ $H $$ $&!VDI @WK!!W $G $" $k [5, 13] !# DI @W$N J} K! $K $O>o Hy J, J}Dx <0 $N ?tCM 2r K! $K 5" Ce $5 $; $k J} K! $d!" %K%e!< %H %s K! $r 7+ $j JV $7 $F E, MQ$9 $k J} K! $d!" $= $l $i $N $$ $m $$ $m $J JQ 7A $, $" $k!# $7 $+ $7 A0 Js [9] $G;XE&$7$?$h$&$K!"<!$NLdBj$,Hr$1$i$l$J$$!# � =i4|E@$r7W;;$9$k0lHLE*$JJ}K!$,$J$$!# � J# ?t $N O" 7k @. J, $d 8I N) E@ $d Hy >. %k!< %W $, $" $k $H $-!" $9 $Y$F$,?T$/$5$l$F$$$k$+$NH=Dj$,Fq$7$$!# � 6J @~ $N 0[ $J $k It J, $, NY @\ $7 $F $$ $k $H $-!" DI @W $, 0l J} $+ $iB>J}$XHt$S1[$9$3$H$,$"$k!# � J,4t$d8r:9$r@8$8$kFC0[E@$G7W;;$,GKC>$9$k!# BP>H E* $J J} K! $O 3 <! 85 6u 4V $r J, 3d $7!" 3F NN 0h $N 6- 3& LL $H 6J @~ $N8r E@ $r 7W ;; $7!" $3 $l $r $D $J $$ $@ @~ J, $r @8 @. $9 $k !VJ, 3d K!!W $G$" $k!# $3 $N <j K! $K $h $l $P DI @W K! $N :$ Fq $O 2r >C $5 $l $k $,!" <! $N$h$&$J7gE@$,$"$k!# � J, 3d %5 %$ %: ( 2r A| EY ) 0J 2< $N 0L Aj ( @\ B3 4X 78 ) $, @5 3N $K $O I= $; $J $$!# 8r :9 $d 8I N) E@ $d Hy >. %k!< %W $, 8+ F( $5 $l $k $3$H$,$"$k!# � J, 3d $7 $? 3F It J, $r @5 $7 $/ @\ B3 $7 $F A4 BN $N I= 8= $r :n $k $N $,J#;($K$J$k!# � 3 <! 85 6u 4V $r :Y $+ $/ J, 3d $9 $k $K $O B? $/ $N 7W ;; ;~ 4V $r MW $9$k!# Bh 2 E@ $O #C #A #D $N $h $& $J @_ 7W $, L\ E* $N >l 9g $K Ld Bj $H $J $k $,!" ?t 3X 65 :‘ $N $h $& $K C1 $K I= <( $, L\ E* $J >l 9g $O Bg 0h E* $J I= 8= $O I, MW $G $O $J $$!# Bh 3 E@ $O J, 3d $r AF $/ $9 $l $P 2r 7h $9 $k!# :G Bg $N >c 32 $O Bh 1 E@ $G $" $k $,!" K\ O@ J8 $G $O A0 Js [9] $H F1 MM $K!" NW 3& E@ $r$9$Y$F8!=P$9$k$3$H$K$h$C$F9nI~2DG=$G$"$k$3$H$r<($9!# I= <( NN 0h Fb $N $9 $Y $F $N NW 3& E@ $r Cj =P $9 $k $3 $H $O Hs @~ 7A O" N) J} Dx <0 $N $9 $Y $F $N 2r $r 8! =P $9 $k $3 $H $K 5" Ce $9 $k!# A0 Js [9] $G =R $Y $? $h $& $K!" $3 $l $O EE ;R 2s O) $N 2r @O $K 4X $7 $F $h $/ 8& 5f $5 $l $F $$ $k!# Be I= E* $J $b $N $O!" J? 6Q CM $N Dj M} $H =L >. <L A| $N IT F0 E@ Dj M} $r AH $_ 9g $o $; $? 6h 4V 2r @O $r MQ $$!" 6u 4V $r :F 5" E* $K J, 3d $7 $J $, $i D4 $Y $k !V%/ %i %U %A%C %/ $N J} K!!W $* $h $S $= $N JQ 7A $G $" $k [6, 7, 12, 14, 15, 16] !# $3 $l $i $O ?t I4!" ?t @i $N JQ ?t $N J} Dx <0 $r BP >] $H $9 $k $b $N $G $" $k $,!" 6u 4V 6J @~ $N I= <( $G $O 3 JQ ?t $G $" $j!" Hs >o $K 8z N( E* $K <B 9T $G $- $k!# K\ O@ J8 $G $O %/ %i %U %A%C %/ $N J} K! $K $h$C $F $9 $Y $F $N NW 3& E@ $r 8! =P $7!" $= $l $i $, 3J ;R E@ $H $J $k $h $& $K J, 3d $r 9T $$!" 0L Aj $r J] $D @^ $l @~ I= <( $r 5a $a $k!# 6J @~ $K 3j $i $+ $5 $r MW 5a $9 $k $J $i I, MW $J $@ $1 J, 3d $r :Y $+ $/ $9 $l $P $h $$!# 3. 6h4V2r@O$K$h$kHsNmH=Dj Fs$D$NJ}Dx<0 F ( x; y ; z ) = 0 ; G ( x; y ; z ) = 0 (1) $G Dj 5A $5 $l $k 6u 4V 6J @~ $r 9M $( $k!# A0 Js [9] $G $b =R $Y $? $h $& $K!" !V6h 4V 2r @O!W $H $O 4X ?t $N 3F 0z ?t $N $H $k HO 0O $r 6h 4V $H $7 $F ;X Dj $7 $? $H $-!" $= $N 4X ?t CM $, <h $j F@ $k CM $r 4^ $‘ 6h 4V $r 7W ;; $9 $k $3 $H $G $" $k [11, 12] !# $3 $l $O <B ?t $K + 1 , �1 $r IU 2C $7 $? ?t BN 7O $r Dj 5A $9 $l $P >o $K CM $, >o $K Dj $^ $k!# $3 $N $h $& $J 6h 4V 1i ;; $O C1 9‘ 1i ;; $d ;0 3Q 4X ?t!" 5U ;0 3Q 4X ?t!" ;X ?t 4X ?t!" BP ?t 4X ?t!" $= $N B> $N <o!9 $N 1i ;; $K MF 0W $K 3H D% $G $- $k!# $= $N 7k 2L!" JQ ?t $N 7? $r 6h 4V $H ;X Dj $7 $5 $( $9 $l $P!" $" $? $+ $b <B ?t 1i ;; $G $" $k $+ $N $h $& $K 7W ;; $, <B 9T $5 $l $k!# K\ O@ J8 $N %7 %9 %F %‘ $G $O C++ 8@8l$K$h$j6h4V%*%V%8%’%/%H$H$=$N1i;;$rDj5A$7$F$$$k!# x , y , z $N$=$l $>$l$N HO0O$r 6h4V I x , I y , I z $H$9 $k$H $-!"4X ?t F , G $r Dj 5A $9 $k 1i ;; $r $9 $Y $F 6h 4V 1i ;; $K CV $- 49 $( $F F@ $i $l $k6h4V $r$=$l$> $l F ( I x ; I y ; I z ), G ( I x ; I y ; I z ) $H =q$/$H!" 0 62 F ( I x ; I y ; I z ) $^ $?$O 0 62 G ( I x ; I y ; I z ) $J$i 6J@~ $O$3 $NNN 0h $r DL 2a $7 $J $$ $3 $H $, J] >Z $5 $l $k!# $3 $l $, K~ $? $5 $l $F $$ $J $$ $J $i NN 0h $r $5 $i $K :Y J, $7!" 6J @~ $N DL 2a HO 0O $r $h $j 8B Dj $9 $k $3 $H $,$G$-$k!# $7 $+ $7!" C1 $K 3F JQ ?t $r 6h 4V $K CV $- 49 $( $F 6h 4V I> 2A $7 $? $N $G $O HO 0O $, 2a Bg I> 2A $K $J $k $3 $H $, B? $$!# $3 $l $r 2~ NI $9 $k J} K! $H $7 $F $h $/ CN $i $l $F $$ $k $N $, F3 4X ?t $N Mx MQ $G $" $k!# 6h 4V I $N Cf E@ $r I :m $H =q $-!" 4X ?t F , G $N !VJ? 6Q CM 7A <0!W $r <! $N $h $& $K Dj 5A $9 $k ( <B ?t $O I} 0 $N 6h 4V $H $_ $J $7 $F 6h 4V $H $N 1i ;; $r Dj 5A $9$k ) !# M F = F ( I x:m ; I y :m ; I z :m ) + F x ( I x ; I y ; I z )( I x � I x:m ) + F y ( I x ; I y ; I z )( I y � I y :m )

+ F z ( I x ; I y ; I z )( I z � I z :m ) M G = G ( I x:m ; I y :m ; I z :m ) + G x ( I x ; I y ; I z )( I x � I x:m ) + G y ( I x ; I y ; I z )( I y � I y :m ) + G z ( I x ; I y ; I z )( I z � I z :m ) (2) $3$N$H$- 0 62 M F $^$?$O 0 62 M G $J$i6J@~$O$3$NNN0h$rDL2a $7$J$$$3$H$,J]>Z$5$l$k!# 4. NW3&E@$N8!=P <0 (1) $G Dj 5A $5 $l $k 6u 4V 6J @~ $N !VNW 3& E@!W $H $O <! <0 $r K~ $? $9E@$G$"$k!# F y G z � F z G y = 0 ; F z G x � F x G z = 0 ; F x G y � F y G x = 0 ; F G = 0 (3) FC$K F = G = 0 $H $J $k $b $N $, !VFC 0[ E@!W $G $" $j!" F = 0, G = 0 $N $= $l $> $l $,Dj 5A $9 $k 2 6J LL $N@\ E@ $H $J $k!#$3 $l $i 2 6JLL $O 6& $K 3j $i $+ $G $"$C $F 8r @~ >e $G $O 6J LL $H $7 $F $N FC 0[ E@ $O ;}$? $J $$ $H $9 $k!# $^ $?!" 6J @~ $N NW 3& E@ $O 8I N) E@ $G $" $k $H 2> Dj $7!"NW3&E@$,O"B3$9$k$h$&$JItJ,$O$J$$$H$9$k!# $^ $: ;X Dj $5 $l $? NN 0h Fb It $N FC 0[ E@ $r $9 $Y $F 8! =P $9 $k!# $3 $l $O 3 JQ ?t x; y ; z $N 4 8D $N O" N) J} Dx <0 $N 2r $r 5a $a $k $3 $H $K 5" Ce $9 $k!# >e 5- $N 4 <0 $r $= $l $> $l A ( x; y ; z ), B ( x; y ; z ), C ( x; y ; z ), D ( x; y ; z ) $H CV $/!# 6h 4V I> 2A $* $h $S J? 6Q CM 7A <0 $K $h$k Hs Nm H= Dj $O 3F <0 $K 8D JL $K E, MQ $9 $l $P $h $$!# $3 $l $r NN 0h $N :F5" E* J, 3d $H AH $_ 9g $o $; $l $P!" 2r $N B8 :_ $7 F@ $J $$ NN 0h $, =| 30 $G$-$k!# <!$K!V%/ %i%U %A%C%/ 7A<0!W K x , K y , K z $r<! $N$h $&$K Dj5A $9$k!# 0 B @ K x K y K z 1 C A = 0 B @ I x:m I y :m I z :m 1 C A � L 0 B B B B @ A ( I x:m ; I y :m ; I z :m ) B ( I x:m ; I y :m ; I z :m ) C ( I x:m ; I y :m ; I z :m ) D ( I x:m ; I y :m ; I z :m ) 1 C C C C A +( I � L D ) 0 B @ I x � I x:m I y � I y :m I z � I z :m 1 C A (4) $?$@$7 I $O 3 � 3 C10L9TNs$G$"$j!" D $O<!$N$h$&$KDj5A$7$? 6h4V8{G[9TNs$G$"$k!# D = 0 B B B B @ A x ( I x ; I y ; I z ) A y ( I x ; I y ; I z ) A z ( I x ; I y ; I z ) B x ( I x ; I y ; I z ) B y ( I x ; I y ; I z ) B z ( I x ; I y ; I z ) C x ( I x ; I y ; I z ) C y ( I x ; I y ; I z ) C z ( I x ; I y ; I z ) D x ( I x ; I y ; I z ) D y ( I x ; I y ; I z ) D z ( I x ; I y ; I z ) 1 C C C C A (5) L $O 6h 4V 8{ G[ 9T Ns $N 3F MW AG 6h 4V $N Cf E@ $+ $i $J $k 9T Ns $N ( %‘!< %"!&%Z%s%m!<%: ) 0lHL5U9TNs$G$"$k!# L = 0 B B B B @ A x ( I x ;I y ;I z ) : m A y ( I x ;I y ;I z ) : m A z ( I x ;I y ;I z ) : m B x ( I x ;I y ;I z ) : m B y ( I x ;I y ;I z ) : m B z ( I x ;I y ;I z ) : m C x ( I x ;I y ;I z ) : m C y ( I x ;I y ;I z ) : m C z ( I x ;I y ;I z ) : m D x ( I x ;I y ;I z ) : m D y ( I x ;I y ;I z ) : m D z ( I x ;I y ;I z ) : m 1 C C C C A � (6) $3$N$H$- K x \ I x = ; $^$?$O K y \ I y = ; $^$?$O K z \ I z = ; $J $i NN 0h I x � I y � I z Fb $K 2r $, B8 :_$7 $J $$ $3 $H $, J] >Z $5 $l $k [12, 14] !# 0lJ}!" K x � I x $+$D K y � I y $+$D K z � I z $N$H$-$O k I � L D k 1 < 1 (7) $J $i $3 $N NN 0h Fb $K M# 0l $N 2r $, B8 :_ $7!" %K%e!< %H %s K! $, $= $N E@ $K<}B+$9$k$3$H$,J]>Z$5$l$k [12, 14] !#$?$@$7!"6h4V I ij $rMW AG$H$9$k9TNs I = ( I ij ) $N!V%K%e!<%H%s%N%k%‘!W kI k 1 $r kI k 1 = max i X j maxabs( I ij ) (8) $H Dj 5A $9 $k (maxabs( I ) $O 6h 4V $N C< E@ $N @d BP CM $N Bg $- $$ $[ $& $G$"$k ) !#$I $A$i$H$bH=Dj$G$-$J$$>l9g$ONN0h$r$5$i$K:YJ,$7 $FD4$Y$k!# 2r $, B8 :_ $9 $l $P $= $N 0L CV $O %K%e!< %H %s K! $G 5a $^ $k $,!" 3 JQ ?t 4 8D $N J} Dx <0 $N $? $a DL >o $N J} K! $H $O 0[ $J $j!" $= $N 99 ?7 8x <0 $K <! $N $h $& $K ( %‘!< %"!& %Z %s %m!< %: ) 0l HL 5U 9T Ns $r MQ $$ $k ( $3 $l$O99?7NL$r:G>.Fs>hK!$GDj$a$k$3$H$HEy2A$G$"$k ) !# 0 B @ x y z 1 C A 0 B @ x y z 1 C A � 0 B B B B @ A x A y A z B x B y B z C x C y C z D x D y D z 1 C C C C A � 0 B B B B @ A B C D 1 C C C C A (9) 5. 6u4V6J@~$NI=<( K\ %7 %9 %F %‘ $G $O J? LL 6J @~ $N >l 9g $H F1 MM $K!" %f!< %6 $, 4u K> $9 $k 3J ;R 4V 3V $r !V2r A| EY!W $H $7 $F ;X Dj $9 $k $H 3J ;R 4V 3V $, $= $l 0J 2< $K $J $k $^ $G NN 0h $r 3F J} 8~ $K :F 5" E* $K 2 J, 3d $9 $k!# Fb It $K NW 3& E@ $r $b $D 3J ;R $O NW 3& E@ $, D: E@ $H $J $k $h $& $K $5 $i $K J, 3d $9 $k!# $3 $N J, 3d $N 3F %9 %F%C %W $K $* $$ $F F $* $h $S G $N 6h 4V I> 2A $* $h $S J? 6Q CM 7A <0 $K $h $k 6h 4V 2r @O $r 9T $$!" 6J @~ $, DL 2a $7 F@ $J $$ $b $N $O =| 30 $9 $k!# $3 $l $K $h$C $F J, 3d $, 6J @~ $N 6a K5 $K 8B Dj $5 $l$k!# $3 $N $h $& $K $7 $F Dj $a $? 6J @~ $N DL 2a $7 F@ $k 3F D> J} BN NN 0h $K BP $7 $F!" $= $l $r0O $‘ 6 8D $N LL >e$G F = 0 $+$D G = 0 $H $J $k E@ $r $9 $Y $F 7W ;; $9 $k!# $3 $l $O 2 JQ ?t 4X ?t $N Nm E@ $N 7W ;; $G $" $j!" 3F LL >e $G A0 Js [9] $K <( $7 $? $h $& $K 6h 4V I> 2A!" J? 6Q CM 7A <0!" $* $h $S %/ %i %U %A%C %/ 7A <0 $r E, MQ $7 $F 7W ;; $9 $k!# $= $7 $F!" F@ $i $l $? E@ $r 7k $s $G @~ J, $r @8 @. $9 $k!# $3 $N $H $- FC 0[ E@ 0J 30 $O B> $N 0l E@ $N $_ $H 7k $P $l!" $+ $D $I $l $b 8r :9 $7 $J $$ $b $N $r 8u Jd $H $7!" J# ?t $N 8u Jd $, $" $k >l 9g $O FC 0[ E@ $H 7k $V @~ J, $r M% @h $7!" 8u Jd @~ J, >e $G CM $, 0 $K 6a $$ $+ $r H= Dj $7 $F A* Br $9 $k!# $= $7 $F F@ $i $l $? @~ J, ( $r;XDj$7$?;kE@$+$i8+$?A| ) $rIA2h$9$k!# J? LL 6J @~ $N >l 9g $H F1 MM $K!" $" $i $+ $8 $a NW 3& E@ $r FC 0[ E@ $H $= $& $G $J $$ $b $N $K J, N‘ $7!" FC 0[ E@ $r $5 $i $K 8I N) E@ $H O" 7k E@ $H $K J, N‘ $7 $F $* $/!# $= $l $K $O FC 0[ E@ $r Cf ?4 $H $7!" 8B 3& 2r A| EY $r H> 7B $H $9 $k 5e $r 9M $(!" $= $N I= LL $N 5e LL :B I8 ( � ; � ) $N 2 JQ ?t 4X ?t F ( � ; � ), G ( � ; � ) $rDj5A$9$k!#$=$7$FNN0h [0 ; � ] � [0 ; 2 � ] >e$G 6h 4V I> 2A!" J? 6Q CM 7A <0!" $* $h $S %/ %i %U %A%C %/ 7A <0 $r E, MQ $7!" F = 0, G = 0 $N 2r$, B8 :_ $9 $k$b $N $r O" 7kE@!" $7 $J $$$b $N $r 8IN)E@$HH=Dj$9$k!# 8I N) E@ $d 8r :9 E@ $O FC 0[ E@ $G $" $j!" $3 $l $i $O $9 $Y $F 8! =P $5 $l $k $+ $i 3J ;R Fb It $K $O $b $O $d B8 :_ $7 $J $$!# $7 $+ $7 J? LL 6J @~ $N >l

(a) (b) (c) ?^ 1: Fs$D $NBJ 1_BN $N8r @~ ( FC0[ E@ $,@8 $8$k ) !# (a) 2rA| EY$, 1 JU $N 1/2 !# (b) 2rA|EY$, 1 JU$N 1/8 !# (c) 2rA|EY$, 1 JU$N 1/32 !# 9g$H 0[ $J $j!" Hy >. %k!< %W $, 3J ;R Fb It $K B8 :_ $7 $J $$ $3 $H $O 40 A4 $K$O J] >Z $G $- $J $$!# Hy >. %k!< %W $, $" $l $P DL >o $O $= $N Cf ?4 $N 6a K5$K 2 8D $N NW 3& E@ $, B8 :_ $9 $k $N $G 8! =P $5 $l $k $,!" NW 3& E@ $N 0L CV$H 3J ;R J, 3d $N %5 %$ %: $N 4X 78 $K $h$C $F $O 8+ F( $5 $l $k $3 $H $b $" $jF@ $k!# $7 $+ $7!" $3 $l $r 40 A4 $K 9n I~ $9 $k $K $O J# ;( $J =h M} $, I, MW$H $J $j!" $^ $? E, @Z $J J, 3d %5 %$ %: $r A* $Y $P 2r 7h $9 $k $N $G!" K\ %7%9 %F %‘ $G $O $3 $l $O 2] Bj $H $7 $F ;D $7!" $3 $l 0J >e $O ?< F~ $j $7 $J $$$3$H$K$9$k!# Fs$D$NBJ1_BN 3 x 2 + y 2 + 2 z 2 = 1 ; 3 x 2 + 2 y 2 + z 2 = � (10) $O � 6 = 1 $N $H $- Fs $D $N 4D >u $N 8r @~ $r $b $A!" � = 1 $N $H $- FC 0[ E@ $, @8 $8 $F N> <T $, 8r $o $k!# ?^ 1 $O $3 $N $H $- $N 8r @~ $r NN 0h [ � 1 : 2 ; 1 : 3] � [ � 1 : 2 ; 1 : 3] � [ � 1 : 2 ; 1 : 3] $K 2rA|EY$r 1 JU$N 1/2, 1/8, 1/32 $H $7$F I=<( $7$? Nc$G $"$k ( 8+ $d$9 $5 $N$? $a$K (c) $G $O$=$l$>$l$NBJ1_BN$NNX3T$bI=<($7$F$$$k!#J}K!$O8e=R ) !#2r A|EY $K $h $i $: FC 0[ E@ $, @5 $7 $/ <( $5 $l $F $$ $k $3 $H $, $o $+ $k!# ?^ 2 $O Hf 3S $H $7 $F � = 1 + 10 � 6 $N >l 9g $N 8r @~ $r F1 MM $K I= <( $7 $?$b $N $G $" $k!# $3 $N $h $& $K 6J @~ $, 6a @\ $7 $F $$ $k $H $-!" I= <( $K $h$C$F $O 8r $o$C $F $$ $k $h $& $K 8+ $( $F $b @8 @. $7 $? @~ J, <+ BN $O N% $l$F $$ $k $N $G!" 3H Bg I= <( $9 $l $P N% $l $F 8+ $( $k!# $^ $? 2r A| EY $r 2<$2$F$b0LAj$,@5$7$/I=<($5$l$k$3$H$,$o$+$k!# (a) (b) (c) ?^ 2: Fs $D$N BJ1_ BN$N 8r@~ ( FC 0[E@ $, @8$8 $J$$ ) !# (a) 2r A| EY$, 1 JU $N 1/2 !# (b) 2rA|EY$, 1 JU$N 1/8 !# (c) 2rA|EY$, 1 JU$N 1/32 !# ?^ 3, 4 $O1_?m$H1_Cl$N8r@~ x 2 + y 2 � z 2 = 0 ; ( x � � ) 2 + z 2 � 1 = 0 (11) $NFC0[E@$,@8$8$k>l9g ( � = 1) $HFC0[E@$,@8$8$J$$>l9g ( � = 1 + 10 � 6 ) $r?^ 1, 2 $HF1$8$h$&$KI=<($7$?$b$N$G$"$k!#2rA|EY $rJQ2=$7$F$b0LAj$,@5$7$/J]$?$l$k$3$H$,$o$+$k!# ?^ 5 $O 2r A| EY $r 0l JU $N 1 = N $H $7 $? >l 9g $N ?^ 1 $N 8r @~ $N I= <( $N 7W ;; ;~ 4V $r N $K BP $7 $F %W %m%C %H $7 $? $b $N $G $" $j!" $[ $\ O ( N ) $G$" $k$3$H $,$o $+$k ( 6h 4V2r@O $rMQ $$$J$$ $H O ( N 3 ) $H $J$k ) !# 6. 6JLL$NI=<( =x O@ $G =R $Y $? $h $& $K!" 6J LL $N I= <( $O NX 3T @~ $K $h$C $F I= <( $9 $k$N$,:G$b<+A3$G$"$k!#6JLL F ( x; y ; z ) = 0 (12) $N I= <( $r 9M $( $k!# 1o $O I= <( NN 0h $N 6- 3& $N 3F J? LL $H $N 8r @~ $H $7 $F F@ $i $l $k J? LL 6J @~ $r I= <( $9 $l $P $h $$!# NX 3T @~ $O <! $N $h $& $K I= <($5$l $k!#;kE@ v : ( v 1 ; v 2 ; v 3 ) $+ $i8+$?$H $-$K!"$3 $N6JLL >e $N E@ P : ( x; y ; z ) $, NX 3T Jl @~ >e $K $" $k I, MW == J, >r 7o $O!" E@ P $K $*$1$k@\J?LL $,;kE@ V $r4^ $‘$3$H$G$"$j!" <!$N$h$&$K=q $1

(a) (b) (c) ?^ 3: 1_ ?m $H 1_ Cl $N 8r @~ ( FC 0[ E@ $, @8 $8 $k ) !# (a) 2r A| EY $, 1 JU $N 1/2 !# (b) 2rA|EY$, 1 JU$N 1/8 !# (c) 2rA|EY$, 1 JU$N 1/32 !# $k [8] !# F = 0 ; ( x � v 1 ) F x + ( y � v 2 ) F y + ( z � v 3 ) F z = 0 (13) $7$? $,$C $F!" $3 $l $i 2 <0 $N I= $9 6u 4V 6J @~ $r @~ J, $N =8 9g $H $7 $F Dj5A$7!";kE@ v $+$i8+$?A|$rI=<($9$l$P$h$$!# ?^ 6 $O6JLL 23 x 4 + x 2 y 2 � 37 x 2 y � 2 xy 2 � 15 x 2 � 2 xy + 16 y 2 + 16 z 2 � x + 16 y = 0 (14) $N%o %$ %d%U %l!< %‘ I= <( ( x , y , z $, $= $l $>$l 0l Dj $N J? LL $H$N 8r @~ ) $*$h$SNX3T@~I=<($G$"$k!#?^ 7 $O6JLL 4 y 4 + 3 xy 2 � 5 y 2 + 4 z 2 + 6 x 2 � 2 xy + 2 x + 3 y � 1 = 0 (15) $rF1 MM $K I= <( $7 $? $b $N $G $" $k!# $3 $l $i $O 8~ $3 $& B& $, F) $1 $F 8+ $($k F) L@ $J 6J LL $H $7 $F IA $$ $F $" $k!# NX 3T @~ I= <( $K $h $k $H !V$/ $5$S!W $d !V$/ $A $P $7!W $H 8F $P $l $k NX 3T @~ $N FC 0[ $J 7A >u $, $h $/ 8= $l $F $$ $k [8, 10] !# 6J LL $r IT F) L@ $H $7 $F 1" @~ $r =| 5n $9 $k $K $O!";kE@$HNX3TJl@~>e$N3FE@$r7k$V@~J,>e$G F = 0 $H$J$k2r $NB8 :_ $r D4 $Y $l $P $h $$!# $3 $l $O 1 JQ ?t J} Dx <0 $N 2r $N B8 :_ $r D4 $Y$k$3$H$G$"$j!"6h4V2r@O$K$h$C$FMF0W$K<B8=$G$-$k!# (a) (b) (c) ?^ 4: 1_ ?m$H 1_Cl $N8r @~ ( FC0[ E@$, @8 $8$J $$ ) !# (a) 2rA| EY $, 1 JU$N 1/2 !# (b) 2rA|EY$, 1 JU$N 1/8 !# (c) 2rA|EY$, 1 JU$N 1/32 !# 7. $^$H$a K\ O@ J8 $N L\ E* $O!" %f!< %6 $, J} Dx <0 $K $h$C $F F~ NO $7 $? 6u 4V 6J @~ $r2rA|EY $K$h$i $:@5$7$$ 0LAj ( @\B34X 78 ) $G8zN(E* $KI=<($9 $k $3 $H $G $" $k!# $^ $: => Mh $N DI @W K! $N Ld Bj E@ $r ;X E& $7!" <! $K 6h 4V I> 2A $H J? 6Q CM 7A <0 $H %/ %i %U %A%C %/ 7A <0 $r MQ $$ $? 6h 4V 2r @O $K $h $k NW 3& E@ $N 8! =P $H NN 0h $N :F 5" E* J, 3d $H $r J; MQ $9 $k J} K! $r =R $Y $?!# $= $7 $F!" $3 $N J} K! $K $h $l $P 2r A| EY $r JQ $( $F $b 0L Aj $, @5 $7 $/ J] $? $l $k $3 $H $r <B 83 E* $K 3N G’ $7 $?!# K\ J} K! $G $O =* 7k <0 Ey $N J# ;( $J ?t <0 =h M} $, IT MW $G $" $k $P $+ $j $G $J $/!" 6J @~ $, Be ?t J} Dx <0 $G I= $5 $l $k I, MW $5 $( $J $$!# Nc $H $7 $F!" $3 $l $r 6J LL $N NX 3T @~ $K $h $k IA 2h $K 1~ MQ $7 $?!# $3 $l $O %o %$ %d %U %l!< %‘ %b %G %k $d $= $N %l %s %@ %j %s %0 $K Hf $Y!" ?M 4V $N ;k 3P G’ <1 $K $H$C $F :G $b <+ A3 $J I=<($G$"$k!# K\ O@ J8 $N %7 %9 %F %‘ $G $O C++ 8@ 8l $K $h $j 6h 4V %* %V %8%’ %/ %H $H $= $N 1i ;; $r Dj 5A $7 $F $$ $k!# $= $N 7k 2L!" JQ ?t $N 7? $r 6h 4V $H ;X Dj $9 $l $P $" $? $+ $b <B ?t 1i ;; $G $" $k $+ $N $h $& $K 7W ;; $, <B 9T $5 $l $k!# $^ $? ?t <0 =h M} $K $h$C $F F3 4X ?t $N F3 =P $r <+ F0 2= $7!" $= $l $+ $i6h4VF34X?t$N%W%m%0%i%‘$r@8@.$7$F$$$k!# <U <- !# 6h 4V 2r @O $K $D $$ $F $4 65 <( D: $$ $? Cf 1{ Bg 3X $N ;3 B< @6 N4 =u 65 <x $K 46 <U $7 $^ $9!# K\ 8& 5f $N 0l It $O J8 It>J 2J 3X 8& 5f Hq 4p HW 8& 5f #C (2) (No. 09680352) $K$h$C$?!#

?^ 5: 2rA|EY$,0lJU$N 1/ N $NI=<($N7W;;;~4V ( C10L$OIC ) !# ;29MJ88% [1] V. I. Arnol’d, Catastr ophe The ory , Springer, Berlin, 1984; 3*9>9,Gn ( Lu ), !V%+%?%9%H%m%UM}O@!W , 8=Be?t3X<R , 5~ET , 1985; Third Revised and Expanded Edition, Springer, Berlin, 1992. [2] J. W. Bruce, Seeing|the mathematical viewp oin t, Math. Intel l. , V ol. 6, No. 4 (1984), pp. 18{25. [3] R. Cip olla, A ctive Visual Infer enc e of Surfac e Shap e , Springer, Berlin, 1995. [4] A. Gra y , Mo dern Di�er ential Ge ometry of Curves and Surfac es , CR C Press, Bo ca Raton, FL, 1993; >. Eg =g ( 4F Lu ), !V Mathematica 6J@~$H6JLL$NHyJ,4v2?!W , %H%C%Q%s , El5~ , 1996. [5] M. Hosak a, Mo deling of Curves and Surfac es in CAD/CAM , Springer-V erlag, Berlin, German y , 1992; El @55# , @F F#9d , 5W;VK\BvLi ( Lu ), !V CAD/CAM $K$*$1$k6J@~6J LL$N%b%G%j%s%0!W , El5~EE5!Bg3X=PHG6I , El5~ , 1996. [6] ?@BtM:CR , Bg@P?J0l , @:EYJ]>ZIU$-?tCM7W;;K!$rMQ$$$?Hs@~7AJ} Dx <0 $N 2r 6J @~ $N B8 :_ 8! >Z K! , EE ;R >p Js DL ?. 3X 2q O@ J8 ;o A, V ol. J80-A, No. 6 (1997), pp. 907{919. [7] ?@Bt M:CR , GpLZ 2m1Q , Bg @P?J0l , %Q%i%a!< %?0MB8 Hs@~7AJ} Dx<0$N $9$Y $F $N 2r $r @: EY J] >Z IU $- $G 5a $a $k %" %k %4 %j %: %‘ , EE ;R >p Js DL ?.3X2qO@J8;o A, V ol. J80-A, No. 6 (1997), pp. 920{925. [8] 6bC+7r0l , !V7A>u#C#A#D$H?^7A$N?t3X!W , 6&N)=PHG , El5~ , 1998. [9] 6b _7 K’ G7 , 6b C+ 7r 0l , 2r A| EY $K $h $i $: 0L Aj $r J] $D J? LL 6J @~ $N I= <( , >pJs=hM}3X2q8&5fJs9p 99-CG-94-7, 1999-2, pp. 37 { 42. [10] J. J. Ko enderink, Solid Shap e , MIT Press, Cam bridge, MA, 1990. [11] R. E. Mo ore, Metho ds and Applic ations of Interval A nal- ysis , SIAM, Philadelphia, 1979. [12] Bg@P?J0l , Hs@~7A8:>/$N2r@OE*<jK! [I]| Hs@~7A8=>]$N@:EYJ]>Z IU$-?tCM2r@O , EE;R>pJsDL?.3X2q;o , V ol. 79, No. 2 (1996), pp. 162{168. [13] C+8}9T?. , ?y868| 5H , 8!=P$b $l$N$J $$Be?t 6J@~$N DI@WK! , >p Js=h M}3X2qO@J8;o , V ol. 33, No. 10 (1992), pp. 1245{1253. [14] ;3 B< @6 N4 , Hs @~ 7A 8= >] $N 2r @O <j K! [V]| Hs @~ 7A J} Dx <0 $N ?t CM 2r K! |, EE ;R>pJsDL ?.3X2q ;o , V ol. 79, No. 7 (1996), pp. 740{ 745. [15] ;3B<@6N4 , FA9>0& , @nED?NH~ , 6h4V2r @O$rMQ $$$?Hs @~7ADq93 2sO) $N$9 $Y $F $N 2r $r 5a $a $k %" %k %4 %j %: %‘ , EE ;R >p Js DL ?. 3X 2q O@ J8 =8 A, V ol. J79-A, No. 10 (1996), pp. 1692{1699. [16] ;3B<@6N4 , 5mEDL@IW , KYFbOBIW , Kev orkian J,3dK!$rMQ$$$?6h4V 2r@O$N 8z N(2= $K $D$$ $F , EE ;R >pJs DL ?.3X 2q O@J8 =8 A, V ol. J74- A, No. 8 (1991), pp. 1142{1150. (a) (b) ?^ 6: (a) 6JLL 23 x 4 + x 2 y 2 � 37 x 2 y � 2 xy 2 � 15 x 2 � 2 xy + 16 y 2 + 16 z 2 � x + 16 y = 0 $N%o%$%d%U%l!<%‘I=<(!# (b) $=$NNX3T@~I=<(!# (a) (b) ?^ 7: (a) 6JLL 4 y 4 + 3 xy 2 � 5 y 2 + 4 z 2 + 6 x 2 � 2 xy + 2 x + 3 y � 1 = 0 $N%o%$%d%U%l!<%‘I=<(!# (b) $=$NNX3T@~I=<(!#